Exercises for Chapter 2

In this problem set, interpret all discrete sequences as starting from n = 0: {X(0), X(1), X(2), ...}.

1. A coin is flipped each second. When it is heads, the random variable X(n) takes the value +1;
when it is tails then X(n) = -1. What are the mean and autocorrelation of {X(0), X(1), X(2), ...}?

Solution uy(n) = 0; Rx(ny,n,) = Cx(ny,n,) = 0 (independent) except Ry (ny,ny) =
Cx(nl, nl) = 1

2. The random process {X(0), X(1), X(2), ...} is created by a spinning dial that selects numbers

X(n) =[1, 2, or 3] with equal probability. What are the mean, autocorrelation, and autocovariance
for this process?

Solution yx(n):§x1+§x2+§x3=2;

Rx(nl,nz)=$x1x1+gx1x2+§x1><3+é><2><1+---=4;
exceptRX(nl,nl)=§x1x1+§x2x2+§x3x3=%
Cx(nyng) =5 x (1—2) X (1—2) +3 % (1—2) X (2—2) + - = 0; (independent)

except Cy(ny,ny) =2 X (1=2) X (1-2) + X 0x0+5x1x1="2

3. There are 3 signal generators in a box. The first one puts out the sequence {X(0), X(1), X(2),
..3={11111..} Thesecondputsout{2 0 2 02 0 2...}. Thethirdputsout{O 2 0 2
0 2...}. One of these generators is selected at random (equally likely). What are the mean p(n),
autocorrelation Rx(m,n), and autocovariance Cx(m,n) of the resulting sequence for m=3 and n =4?

Solution py(4) =X 1+:X2+5x0=1 (ux(3) =X 1+-X0+:x1=1);

RX(3,4)=1><1><1+1><0><2+1><2><0=1;
3 3 3 3

e =i (1) (1) +3x (0= x (- +ix 2= x (0-3) -

4. The random process X(n) is determined by a single flip of a fair coin. If the coin shows heads
then the process is a series of ones: {X(0), X(1), X(2), ...}={111111111....}. If the coin



shows tails then X(n) = 1/(n+1): {X(0), X(2), X(2), ...} ={11/2 1/3 1/4 1/5 ....}. What are the
mean and the autocorrelation?

] 1 1 1 n+2
Solution py(n) = xX1+-X—= 2+

1 1
n1+1 Tl2+1

Rx(nl,nz) =%X1X1+%X

5. The random process X(n) is created by starting with the deterministic sequence Y(n) = (-1)":

{Y(©0),Y(1),Y2),..}={1-1 1 -11 -1 1 -1 ..} andadding+1 to each term according
to the outcome of a coin flip (+1 for heads, -1 for tails). So if the sequence of (independent) coin
flips turned out to be HHTTHT..., the random process outcomes {X(0), X(1), X(2), ...} would be

(1+1) (-1+1) (1-1) (-1-1) (1+1) (-1-1) ....
or 2 0 0 -2 2 2 ..
What are the mean, autocorrelation, and autocovariance?
Solution i, (n) = (—1)™ +§>< 1 +§>< (-1 = (-D" ;

Ry(ni,mp) = =X [(=1)™ + 1] [(=1)™ + 1] + = x [(=1)™ — 1] [(-1)™ — 1]

+7x [ED™ =1 [D™ + 1+ x (D™ + 1] [(-D™ — 1]

— (_1)n1+n2
except Ry(ny,ny) = (w1)™M+™ 4+ 1 =2
Cx(nyng) = 2% [+1] [#1] + = x [=1] [=1] += X [-1] [+1] + 5 x [+1] [-1] = 0
(independent)

except Cxy(ny,ny) = % x (1% + % x(-1)?=1

6. The random process {X(n)} is created by starting with the nonrandom repeating sequence

{1,2,3,1,2,3,1,2,3, ...} and adding to each term the outcome of a throw of a die (each
integer 1 through 6 is equally likely). So if the sequence of (independent) throws turned out to be
{423415 ...}, the random process outcomes would be {X(0), X(1), X(2), ...} ={546538
....}. What are the following autocorrelations: Rx(0, 0), Rx(1, 1), Rx(2, 2), Rx(0, 1), Rx(1, 0),
Rx(0, 2) ?

Solution Ry(0,0) ==X (1+1)2+=X (1+2)2+ - +=x (1+6)* =23~ ;



Re(L1) =X 2+ D2 +=X (2+2)2 -+ X (2+6) + - =33 ;

Rx(2,2) ==X B+ 12 +=X 3+2)2 + -+ =X (3+6)2 + - =45~ ;
Ry(0,1) =§x(1+1)(2+1)+%><(1+1)(2+2)+---+%><(1+1)(z+6)
+i><(1+2)(2+1) +%>< (1+2)(2+2)+ - =24.75 = Ry(1,0)
(MATLAB® code: sum(sum([2:1:7]*[3:1:8]))/36 )
Ry (0,2) =ix(1+1)(3+1)+%><(1+1)(3+2)+---+%><(1+1)(3+6)
+=X 1+ 2@+ D+ X (1+2)(3+2) +-=29.25

(MATLAB® code: sum(sum([2:1:7]*[4:1:9]))/36 )

7. A sequence X(n) = {X(0), X(1), X(2), ...} of coin flips is recorded in the following manner.
For trials #0, 2, 4, 6, 8, ... and all even-numbered trials, the outcome of the experiment is O if the
coin reads heads, and 1 if the coin reads tails. On odd-numbered trials #1, 3, 5, 7, 9, ... the
outcome is 1 if the coin reads heads, and O if the coin reads tails. For example:

Trial |0 1 2 3 4 5 6 7 8 9
Coin | H H H T H T T H T T
X 0 1 0 0 0 0 1 1 1 0

What are the mean, autocorrelation, and autocovariance of X?

Solution uy(n) =1/2;

Ry(n n)=1><0><0+1><0><1+1><1><0+1><1><1=l
X 1, 12 4 4 4 4 4 3

except Ry (ny, ny) =%><0><0+%><1><1 =%;

) =0 x (0-) + 1 (0= x(1-
Fix(A-HxO0-DH+ix1-H)x (1 =) =0 (independ
Ix(1-Hx0-D+ix(1-D)x(1-3)=0 (independence),

1 1 1 1 1 1 1
except Cy(nq,ny) =-X(0-)XO-)+-xA-)xA-37) =1



8. Suppose the random process X(t) = e®' is a family of exponentials depending on the value of a
random variable a with pdf fa(a) . Express the mean, the autocorrelation, and the pdf fx(x) of
X(t) in terms of the pdf fa(a) of a.

Solution uy (t) = [ fy(a) e* da; Rx(ty,t;) = [ f,(a) e*t1+t2) dqa ;

Inx Inx
__ _at. _ fa(a) _ fa(_t ) _ fa(_t ) " . . . . .
Let x = e®; then fy)(x) = Dxjdal = tett = i ("derived distributions")

9. A fair coin is flipped one time. Define the process X(t) as follows: X(t) = cos =t if heads
shows, X(t) = tif tails shows. Find E{X(t)} fort =0.25, t=0.5,and t=1.

Solution E{X(t)} = %cos wt + %t

10. Express the mean and autocorrelation of Y(t) = X(t) + 5 in terms of those of X(t).

Solution E{Y ()} = puxe) +5;

Ry (t1,tp) = E{[X(t1) + 5][X(tz) + 5]} = Rx(t1,t2) + 5(ux(e)Mx(t,)) + 25

11. Let p(t) be a periodic square wave as illustrated in Figure 2.16¢. Suppose a random process is
created according to X(t) = p(t — t), where 1 is a random variable uniformly distributed over (0,

T). Find fx () (%), px (), and Ry (1, t2).



Figure 2.16  (a) Pulse p(t)  (b) Delayed pulse p(t — 1)  (c) Pulse train Y¥5-_, p(t —nT)
(d) Delayed pulse train Y.5-_, p(t —nT — 1)
(e) Pulse code modulation for An=... -1 1 -1 11 -11...
(All pulses have unit height)

Solution

fr=pe-n () =580 +58(x = 1); ux(®) = 05;



Over a time interval T, if |to-t1] < T/2, the +1 portion of the pulse train will cover both t; and t, for
T/2 - |to-ta] sec.; if T/2 < [to-t1| < T, the +1 portion of the train cannot cover both t1 and ta. If |to-ty]
> T, apply this to [to-t1| mod T.

Rx(t1, t2) = Rx([tz-ta])

12. Prove the second-moment identities (2.3) in Section 2.2.

Solution

CXY (tlltz) = E{[X (tl) — Hy (tl)][Y (tz) — Hy (tz)]}
= BE{X ()Y (t,)}— E{X(t) 1y ()3 — BELuey ()Y (€)1 + 1y () 11y ()
= Ryy (t, 1) — ey (t) 11y (L)

13. Let X(t) and Y (t) be independent processes.

a. Determine the autocorrelation functions of

Z () =X(@)+Y(t) and Z,(t) = X(t) —Y(t)

in terms the moments of X and Y.

b. Determine the cross-correlation function of Z, (t) and Z,(t).
c. How do these formulas simplify if X and Y have identical means and autocorrelations?
Solution (a) E{Z1(t1)Z,(t2)} = E{[X(¢) + Y (€)][X(t2) + Y ()]}

= Ry(ty,ty) + Ryy(ty,t3) + Ryx(ty,t2) + Ry(ty,t5) ;

E{Z,(t1)Z,(t2)} = Rx(t1,tz) — Rxy(tq, t2) — Ryx(ty,t2) + Ry(ty, t3)

(b) E{Z1(t1)Zy(t3)} = E{[X(ty) + Y(tD][X(t2) — Y ()]}



= Rx(t1,t;) — Rxy(ty,tz) + Ryx(ty,ty) — Ry(ty, t2)

(€) E{Z1(t1)Z1(t2)} = 2Rx(t1, t2) + Ryy (t1,t2) + Ryx(t1,t2) ;
E{Z,(t1)Z(t3)} = 2Rx(t1, t3) — Ryy (t1,t2) — Ryx(ty,t3)
E{Z1(t1)Z,(t2)} = —Rxy(t1,t2) + Ryx(t1,t2)

14. Suppose the energy collected each day by a solar panel is normal N(u,c) and independent of
the energies collected on other days, and that the collector is ideal (100% efficient, lossless).
What are the mean and autocorrelation of the accumulated energy from day #1 to day #n?

Solution E(X() + XG + 1)+ XG +n—1)} =nu ;
E{X(H)X(k)} = u? + o?ifj = k, u® otherwise

XND+XG+D+--XG+n—D]XKE)+X(k+ 1)+ - X(k +n— 1)] contains n?
terms X(p) X(q); but if |j-k|<n, then n - |j-k| have equal indices (p=q). Therefore

EqX(D+XG+ D+ X(G+n—DIXK) +X(k+ D+ X(k+n—-1D]}
=M —lj—kDW*+0%) + (n* —n+|j —kDp® =n*u* + (n = |j — kDo if [j-k<n,

= n?u? otherwise

15. Find the mean and autocorrelation for the random process X(t) = §(t — ¢), when c is
uniformly distributed in the interval (0, 1).

Solution f;(c) =1if0 < c <1, 0 otherwise.

E{(8(t— o)} =[] 8(t—c) fe(c)dc = fo(t) = 1if0<t< ;0 otherwise.

1
E{8(t; — O)8(t, — ©)} = j 5t — )8ty — ©) fo(c) de = fu(t)8(t1 — t)

=6(t; — t,) if0 < t, <1, 0otherwise. (Clearly thisisalso Ounless 0 < t; < 1.)

16. Suppose {X(0), X(1), X(2), ...} is a discrete zero-mean random process, and that for each n,
X(n) is independent of all other X(j) except X(n+1). The autocorrelation is given by Rx(n,n) = 2,
Rx(n,n-1) = Rx(n,n+1) = 1. What are the mean and autocorrelation of the "moving average"
X(M+X(-1+X(n-2),

3

sequence Y (n) =



0+0+0 |
3 )

Solution E(Y(n)} =

A typical autocorrelation calculation is Ry (n,n + 1):

EfY(n)Y(n+ 1)} = (%)ZE{[X(n) +X(n-1D+X(n=-2)][X(n+D+X()+X(n-1)]}

=%E{X(n)X(n+ D+XM)XM)+ XM Xn—-1D+X(n—DX(n+1)+X(n—1)X(n)

+FX(n-DX(n-1D+Xm-2)X(n+ 1D +X(n—-2)X(n) +X(n—2)X(n— D]}

8

=S{1+2+14+0+1+2+0+0+1} =2

Ry(n,n £ 3) =é' Ry(n,n +2) =%' Ry(n,n £ 1) =g; Ry(n,n) =?,

Ry (n,m) = 0 otherwise

17. If Ry (¢4, t,) is a function only of t - tz, what is the autocorrelation of
Y(t) = X(t) — X(t — T) (for constant T)?
Solution E{(Y (¢, t2)} = E{[X(t;) — X(t; — DI[X(t2) — X(t, — T}

= 2Ry(t; —t;) —Rx(t; —t, + T) — Rx(t; — t, — T)}

18. (Pulse-code-modulation) Let A, be a random sequence determined by coin flips, +1 for heads
and -1 for tails, and let p(t) be the rectangular pulse train depicted in Figure 2.16c.

X(t) is the random process formed by modulating the pulse train by the sequence {An}: X(t) =
Y= —w Ay p(t —nT). A possible outcome is depicted in Figure 2.16e.

a. What are the mean and autocovariance of X(t)?
b. What are the mean and autocovariance of a randomly delayed version of

X@A): Y&)=X({t—1) =Yr-— Ay, p(t —nT — 1), where 7 is uniformly distributed over the
interval [0,T] and is statistically independent of the {An}? (See Figure 2.16d.)

Solution (a) ux(t) = %(1) + % (1) =0 if[tmodT] < g, and 0 otherwise as well.
Cx(ty, ty) = %(1)2 + % (—1)% = 1if ty and t; lie in the first half of the same pulse,

== (D@ +- (WD + 2 (D) + (1)) = 0 iftrand t2 lie in the
first half of different pulses (independence!),

= 0 otherwise



(b) ux(t) = 0 as before. Reasoning as in (a), Cx(t;,t,) = 0 if [t-to| > T/2. Otherwise, then the
probability that t; and t lie in the first half of the same pulse equals [T/2 - |ti-t2[]] / T ; then

tq1—t
|t1 t2| 1-li-tel

Ly + R -1y = =

—t2|1

T
Cx(ty,tp) =

19. Rework Problem 18 if the {An} are independent but take values +a with probability p and +b
with probability (1-p).

Solution (See #18 for discussion.)

@) ux(@®) =pa+ @1 —p)b if[t modT] < g, and 0 otherwise.

Cx(ty,t) =pla—[pa+ (1 —p)b])?+ (1 —p)(b—[pa+ (1—p)b])?iftiandt; lie
in the first half of the same pulse,

= 0 if ty and t2 lie in the first half of different pulses (independence!),
= 0 otherwise

(b) ux(t) = a X p X Prob(t lies in the first half of the pulse)
+ b X (1 — p) X Prob(t lies in the first half of the pulse)

+ 0 X Prob(t lies in the second half of the pulse)

__ pa+(1-p)b
2

Reasoning as in (a), Cx(t,,t,) = 0 if |ti-to] > T/2. Otherwise, then the probability that t; and t; lie
in the first half of the same pulse equals [T/2 - |ti-t2]] / T ; then

T
—lty-t
T

Cx(ty,tp) = {p(a —[pa+ (1 —p)b])* + (1 —p)(b — [pa+ (1 — p)b])?}

In communications engineering it is common to combine message signals with sinusoids
(cos wt, sin wt) to facilitate their transmission. The solutions to Problems 20-22 are facilitated
by the trigonometric identities

cos(A—B)+cos(A+B)
2

cosA cosB =

cos(A—B)—cos(A+B)
2

sind sinB =

sin(A—B)+sin(4+B)
2

sinA cosB =



20. A random process is given by X(t) = A cos wt + B sin wt, where A and B are independent
zero mean random variables.

a. Find the mean ux(t).
b. Find the autocorrelation function R, (t;,t,) .
c. Under what conditions on the variances of A and B does R, (t,,t,) depend only on (t:-t2)?
Solution (a) ux(t) = 0X coswt + 0 X sinwt =0
(b) Rx(tq, ty) = E{[A cos wt; + B sin wt;][A c0S wt, + B sin wt,]}
= cos wt, cos wt, E{A?} + sin wt; sinwt, E{B*} + [--- |E{AB}
(=0)
= cos wt; cos wt, 67 + sin wt, sin wt, o3

C =cosw(t; —t,)a? if o, =05.
1 2 A A B

21. (Quadrature amplitude modulation) Consider the signals Z; (t) = X(t) cos wt and Z,(t) =
X(t) cos wt + Y(t) sinwt, where X(t) and Y(t) are zero-mean independent processes with
identical autocorrelation functions R, =R, . Determine R, (t,,t,) and R, (t.t,) in terms of

Ry (t;,t,) . Show that if R, (t;,t,) depends only on (ti-t2), then so does R, (t,,t,). (How about
R, (t,1,)?)

Solution Of course pz, (t) = pz, (t) = 0.

Rz, (t1, t;) = E{X(t,) cos wt; X(t;) €0s wt,} = Ry (ty, t;) COS wt; COS wt;,
Rz, (t1, t;) = E{[X(ty) cos wt; + Y(t;) sin wt,] [X(t;) cOs wt, + Y(t;) sin wt,]}
= Ry (ty, t;) COS wt; COS wt, + Ry (ty, t;) sin wty sin wt, + [+ Ryy = 0+ ]
If Ry(t1,t2) = Ry(t1, t2) = Rx(t; — t2) then

Rz, (t1, t2) = Rx(t; — t;) cos w(t,-t;) depends only on t;-t, (butnot Rz (tq,t;)).

22. (Binary phase shift keying) The +1 coin flip sequence {An} described in Problem 18 is
encoded for transmission as a +m/2 phase shift in a sine wave:



coswt IfA, = +1

: <
—coswtifA, = —1 fornT<t<(n+ 1T,

X(t) = sin(wt + A,/2) = {

with T > 2m/w (See Figure 2.17). What are the mean and autocorrelation of X(t)? Be careful to
distinguish between the cases when t; and tz lie in different, or the same, intervals.

Figure 2.17 Binary phase shift keying for An=... -1 1 -1 11 -11...
Solution Notethat X(t) = A,coswt fornT <t<(n+ 1T,
SO ux(t) =E{A}coswt =0;
Ry (t;, t;) = E{A,, cos wt; A, oS wt,} = (1) cos wt; cos wt, fornT < t;,t, < (n+ 1T,

E{A,Apmaen} (++) =0  otherwise

23. Assume X(t) is a zero-mean Gaussian process with autocorrelation function
Re (tuty) =e "

a. What is the probability that the value of X(7) lies between -1 and 2?

b. If X(6) is measured and found to have the value 2, what is the probability that the value of
X(7) lies between -1 and 2?

c. What is the probability that X(6) and X(7) both lie between -1 and 2? (Consult Section 1.10 for
MATLAB codes for numerical integration.)

Solution E{X(t)} =0 ; E{X(t)?} =R,(t,t) =e’=1.
(@) Therefore X(7) is N(0,1) and p(-1 < X(7) <2) =0.8186 .



1 r(X*.Ux)Z Zp(X*Hx)(Y*HY)¢(Y*HY )2]
2(17p2)L crf( O x Oy ‘ 0'3
If x=X(7) and y = X(6), then f,, (x,y)=¢€
xv (X,¥) 210, G, /1—[)2

Rx(7—6) — e_1/2

withuy =uy =0, ox =ay =1,p = ™~

(b) fX|Y(X| y=2)=N( tx +P%(y—ﬂy), oy1-p%)

=N(0+e 2(1)(2 - 0), (V1 —e~2/2)
p(-1<X(7) <2|X(6) =2) =0.8362.
(©) p(=1<X(7),X(6) <2)=0.7161

24. Suppose that X(t) is a zero-mean Gaussian process with autocorrelation function

sinz(t,—t,)
Rx (tl’tz):—ltz :
17 -2

a. What is the standard deviation of X(1.5)?

b. Write out the formula for the joint probability density fy,)x(s,)(*1, x2) of X (&) and X (t,).
¢. Write out the formula for the marginal probability density fy,)(x) of X(t;).

d. If X(1.5) is determined to be 3, what are the (conditional) mean and standard deviation of
X(2)?

e. Write out the formula for the conditional probability density fy .,y xct,)(xz|x1) for X(t,),
given that X(t1) = 3.

f. X(3) and X(4) are independent, but X(1) and X(1.5) are not. Explain.

sinz(0) _

Solution Asin#23, E{X(t)} =0 ; E{X(t)?} = R,(¢t,t) = m;, (@) ox(t) =Vrm;



1 r(X*.Ux)Z Zp(X*.Ux)(Y*HY)+(Y*AIY)2]

L
20-p%) o Ox oy oy

b) f.(x,y)=F¢
(b) fe(xy) Zﬂaxay\/m

Rx(t;—t,) 1 Sinz(t —t
=ty =0, 0 = 0y =V p = Bt - L ALZL),
17 L2

with X = X(t1), Y = X(t2),

(c) N(0,vm)

sin.5m sin.57t)2

(d) Ux(2) x(15)=3 = 0+ S (HEBE-0), Ox(2)| X(1.5)=3 — Vo [1- ( 5

(&) NC=Z3,vm [1- (F25)2)

() R(34) = 0= 0, Re(1,15) = =27

variables are independent.

= 2 : uncorrelated zero-mean Gaussian

25. If X(t) is a Gaussian random process whose first order pdf f, ,(x) has constant mean = 0 and
whose autocorrelation is given by Ry (ty,t,) = e~1t1=%I what is its third-order joint pdf

Fy . x ) x ) (X1 Xg0 X3) 2

Solution x = [X(t;) X(t2) X(t3)]; p=E{[X(t) X(t2) X(t3)][}=1[000];

o= [\/Rx(tp t1) \/RX(tZItZ) \/Rx(t3't3)] =[111];

Px(t;)x(t) = e It /1% 1;

1 e ltz=ti]l  p—ltz—ty]
Cov = |e—lt2—tal 1 e~ lts=tal | ;
e~ lts=til  p—ltz—tz] 1

—lx-ullcon[x-

: T
fx (9 =* 4E)3’2,/det(<:ov)

26. Prove the formula (2.9), Section 2.3, for the least mean square error.

Solution Observe that from the extended second moment identity as expressed in "Summary of
Important Equations for Bivariate Random Variables", Section 1.11, E{BN} = u, t; + pogoy .

Therefore (equations (2.7, 2.8))



E{[B—(c+ AN)I’}=E{B’ +a’ + B°N? —2aB — 23BN + 208N}

O O O
=05+ g +[ g —/OG—E‘MN]2 +(p—2) (ux +ox)— 2 ug —pg—BuN]ﬂB

N Oy N

(e} (e} (e}
—2p—"[uy g + pogoy 1+ 2 pg —pG—BuN]pG—BuN

Oy N N

which can be rearranged as
(o) (o)

op H{lus — =1y 1= 1 ¥ +(p—2)* (ug +07)
Oy On

(o3 (o3 (3
—2p—"[uy g + pogoy 1+ 2 g — p—2 1y Jp—2
(e} (o} (e}

N N N

_ 2 2 2
=0~ pP O

after the cancellations are tabulated.



