CHAPTER 2

Review of Perturbative Field
Theory

2.1 PROBLEMS

2.1 From (A.7), the Hamiltonian for a free complex scalar field is
gt -
= [@2|(5) (5) + (Fo- (Fo) + mioal.

»
H— /%dSQE [l (7)a(7) + b1 (5)b(5)]

Assume that H is normal ordered.

Show that

Solution: From (2.93) and using

/de 6:ti(ﬁ:|:ﬁ')~f — (27‘()3 53 (ﬁi ﬁ/)
we find

d3p ) )
H = / WEZQ, {a;ap + bpr — 2Bt a;f,btp _ 2Byt bpa,p}
P

+ (9% + m?) [a;ap + b;fjbp 4 e2ibrt aLbT_p 4 e 2iEpt bpa_p}
d>p

_ t i

_ / g, e (@l + t1by].

2.2 The CM differential and total cross sections for the elastic scattering of a Hermitian
scalar of mass m with potential (2.22) is given in (2.59) and (2.61). Choose m = 0.5 GeV,
A = 0.3, and kK = 1.2 GeV. Plot the CM differential cross section do/dcos in units of
fm? = 10726 cm? as a function of cosd for s = 5m?2, 6m?2, and 7m?2, and plot the total cross
section as a function of /s for 2m < /s < 3m. Use any convenient plotting program.

Solution: We have
t = —2p*(1 — cos¥), u = —2p*(1 4 cosf) with p=+/s — 4m2/2.
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Also,

do |M ) 1 /*1 do
= = - dcosf.
dcosf  32ms’ 773/ 1 dcosf o8

These must be multiplied by (hc)? = (0.197 GeV-fm)?, to convert from GeV=2 to fm?.
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Left: do/dcos @ in units of fm? as a function of cos@ for s = 5m?, 6m?, and Tm? (from
upper to lower). Right: o(s) in units of fm? as a function of \/s

2.3 Derive (2.64) for the special case m; = mg = 0 and ma = my by Lorentz transforming
(2.57). Hint: use the fact that o, s, and ¢ are invariant.

Solution: In the lab, using (2.42) and (2.46),

2
s—m
p1 = S 2 t = —2p1ps (1 — cosB3)

mo

and
p3 1

P 1+ 2L (1~ cost)’

while in the CM
s —m?3

Dem = N t=—2p? (1—cosb).

But o is invariant, so

do do  dcosf
dcosfs  dcos@ dcosfs

_IME pE 4 Tes gy 2 Mal (Y
32ws p?,, dcosbs |p1 32rs m3 \p1/) ’

from which the result follows easily.

2.4 Consider the process w7 (p1)m™ (p2) — 7 (p3)m™ (Pa), with p1 # ps and ps # py, in
the theory of a complex scalar field with Lagrangian density given in (2.88) with

A
Vi = Z(¢T¢)2'
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As shown in Appendix B, the tree-level amplitude My; is given by

(2m)*6" (ps + pa — p1 — p2) My; = /d4$ (P3P — iVi(do(x), dh (@) P1D2).
Calculate this explicitly using the free-field expression for ¢¢, and show that My = —i).

Solution: This is similar to the calculation for the Hermitian scalar field in Appendiz B.
Here, the relevant matrixz element is

A
i / d*z (0]azba(¢)ee)2albb|0),

where the free-field expressions for ¢g and ¢J6 are given in (2.93). Similar to (B.7) one can
move the a’s and b’s from the fields to the right, and the a'’s and b'’s to the left. The only
surviving terms involve the commutators with the a3,b4,a1{, and b;. The 63(P) functions
eliminate the momentum integrals, and the (2m)32E, factors from the commutators cancel
the denominators in the fields. There are two ways to associate the a’s from the ¢g’s with

a{, and two ways to associate the a'’s from the @p’s with as, so one obtains

—i)\/d4x ! PatPa=Pi=P2) — i)\ (27)46% (p3 + ps — 1 — Pa).

2.5 Consider the Lagrangian density in (2.84) for 3 non-identical Hermitian fields. Calcu-
late the lowest order differential cross section in the center of mass for ¢q(p1 )p2(Pa) —
&1(P3 )p2(Pa) as a function of s and the CM scattering angle 6 for the special case
mp = My 7é ms.

Solution: There are two diagrams, involving ¢3 exchange in the s and u channels. The

scattering amplitude is
i i

My; = (—ik)? +
si = (=iK) s—m3 u—m}

and
dO’ o |Mf2 |2
dcos  32ms’

where (for equal external masses) p; = py =p = /s —4m3/2 and u = —2p?(1 + cos ).

2.6 Suppose that the interaction potential for a complex scalar field were
Vi =04 (¢* +0™)

(rather than A(¢7¢)%/4), which is not U(1) invariant. Show that charge is not conserved
and calculate the lowest order amplitude for 7+ (p1) 7™ (P2) — 7~ (p3) 7~ (Py).

Solution: Both operators in ¢g lower charge by one unit, while those in (;53J raise it by one.
Thus, the first term lowers the charge by 4. The relevant matrix element is

—i04(0]bsbs ¢4 alab|0) ~ —ioy(0[bsba (a + b1)* ala)o).

There are 4! ways to associate the four ¢g fields with the external states, so My; = —24i04.
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2.7 Consider charged pion QED with a massive photon, i.e., add the term %MiAHA“ to
the Lagrangian density in (2.133) (with (V7 = 0). Assume M4 > 2m. (The photon mass
term is not gauge invariant, but the model still makes sense at tree level.)

(a) Calculate the decay rate for v — 77~ in the photon rest frame at tree level for an
unpolarized massive photon.

(b) Calculate the 7T angular distribution dI'/d cos @ for a polarized photon, where 6 is the
angle between the photon polarization direction in the rest frame and the 7" direction.
(¢) Show that one recovers the result in (a) when dI'/d cosf is integrated over cos6.

Solution: (a) Define momenta by ~v(k) — at (7)) 7 (7). In the rest frame, k =
P+ p2 = (Ma,0), pi = (Ef,pp), and py = (Ej,—py), where Ef = Ma/2 and
pr = |PFl = /M3 —4m?/2. Just as for a massless photon, the tree-level amplitude is
My; = —ie(pr — p2) - G(E, A). Thus, the spin-averaged squared amplitude is

1S 2

_ e v T 7 *
|Myi* = 3 > IMypil? = 5 (P =p2)" (p1 — p2) > el N ek, N
A=1 A=1

For a massive vector,

kuk,
5 -

M7

3
Z G(Ev A)H €(E7 /\); = —YGuv +
A=1

But k- (p1 —p2) =0, and (p1 — p2)? = 4m? — M3, so

5 Dby V]2 = aMa (. am?2\*?
ey T 1 M%)
(b) -
p v *
Lo Mp2, [Mpl? =€ (p1 — p2) (p1 — p2)" e

dcosf 16m M3

Choose axes so that
e =(0,0,0,1), pr2 = (Ef, £pysing, 0, £py cos ).

Then, (p1 — p2) - € = —2py cos B and

2\ 3/2
dl' aMy <14m2> cos2 0.
M3

dcosf 8

(c) Integrating fjll d cos nggse recovers ' from (a), i.e., the decay rate is independent of
the spin direction.

2.8 Consider 77 (p1)m~ (p2) — 71 (P3)7~ (ps4) in massive scalar electrodynamics, i.e., with
VI = gd)Td)A?

where A, the analog of the electromagnetic field, is a Hermitian spin-0 field with mass u # 0.
The analog of the charge is g, which now has dimensions of mass.

(a) Find expressions for the differential and total cross sections in the CM to lowest non-
trivial order, in terms of s, m, u, g, and cosé.

(b) Define the dimensionless variable z = s/m? > 4, and specialize to the values m = g = 1
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GeV, u = 0.5 GeV. Plot do/dcosf vs cos@ in units of 1 fm? = 10726 cm? for z = 4,4.2,
and 4.4. Use any other plotting program.
(c) Plot o in units of 1 fm? vs z for the same parameter values and the range 4 < x < 5.

Solution: (a) The nwA vertex is —ig < —iVi. The scalar photon can be exchanged in
the s ort channels, so
i i
My; = (—ig)? —
5i=(19) (3—,“2 +t—u2>7

Vs — 4m? E_\/E
2 T2

where

t = —2p*(1 — cos¥), p=

Y

and 0 is the CM scattering angle. Then

do | M ;|2 o do
= = dcos®f.
dcost  32ms’ 7 _1 dcosf o8

(b,c) Plugging in the numerical values, and multiplying by (he)> = (0.197 GeV-fm)? to
convert the units from GeV~2 to fm? one can evaluate and plot these functions numerically.

T Tt

T T 0.0030
0.0025 . . .
----- x=4.0 0.0025
00020f a2
-~ s 0.0020
£ 00015 X4 <
® £ 0.0015
b [}
°|8 0.0010 0.0010
0.0005 0.0005
0.0000 0.0000
~10 ~05 0.0 05 1.0 4.0 42 44 46 48 5.0
cos 6 X

Left: do/dcos @ in units of fm? for x = 4,4.2, and 4.4. Right: o in units of fm? vs x.
2.9 Prove directly from the defining relations that

7
v 5 vpo
ot ~ — kP Opo

2

Solution: Using (2.155), o"~° must be of the form CetP?c,,. Obtain C = —i/2 from
example, e.g.,

01,5 0lpo

o =723 = *55 Opo-

2.10 Prove the Gordon decomposition formulas

2m (ugy" ur) = t2(p2 +p1)“u1 + a0 (p2 — p1)vun

(
2m (" Ul) = tz(p2 —p1)" YPuy + itigat (p2 +P1)u’)’ u1
= Uz (p2 — pl)”w + itipa™” (p2 + p1)vus
= Uz (p2 + p1)" YPuy + itgat (P2 —P1)V’Y5U1,
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where u; 5 are two Dirac u spinors for a particle of mass m.

Solution: Using (2.161) and (2.170) ,
N 1_
ia0" (p2 = pr)yun = =502 V" (F2= #1) — (o= H)Y" ]
= 2m (Ggy"uq) — t2(p2 + p1)"ua,
and similarly for other identities.

2.11 Prove the identity

VAN AP = gl AP g — A g 4 e Py

Solution: Any 4 x 4 matriz can be expanded in terms of I,7v°,v%,¥°~°, and o7°. In this
case, only v° and v°~° will contribute, since we have an odd number of v matrices. Thus

,YH,YV,YP :Ao'}/a +B07075 :A070+BU'YJ’Y5,

where A and B depend on p,v, and p. Clearly,

[eg 1 g v g 1 g v
A% = ZTr (74 4" ~P), B° = Tr (Y7 Y5 yH " 4P).
The result follows using (2.172).

2.12 Show by explicit construction that the Pauli-Dirac and chiral representations are
related by a unitary transformation, i.e., that there exists a unitary matrix U such that

U’y;DUT =, Uupp (P, s) = ten (7, 8), Uvpp (P, s) = —ven (P, 8).
(The extra sign in the v-spinor transformation is due to a sign convention.)
Solution: U must commute with ~* but not v°, so it should be of form
I 0 0 I 1 (1 —-I
o el 0)=50 )

where the explicit form is obained by the transformation of ¥°. The correct transformation
of the spinors follows by inspection.

2.13 The angular momentum operator for a Dirac field can be written as
, 1 ..
Jh= / 3zt (x)zemkajkz/)(x) + orbital,

where normal ordering is implied. Show, in the free field limit, that J2 has the expected
behavior

T (D, s1,2)) = i%w (P 81,2))s e (7, s1,2)) = i%wc (P, 81,2))s

where ¢ and ¢° represent particle and antiparticle states, 7 is in the Z direction (so that
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the orbital terms do not enter), and s = s or s represent spins in the 42 direction.

1 .. 1_. 1/t 0
- ijk o= 3t == .
1€ ik 22 5 <0 Ul)

Using the expression (2.159) for the free fermion field

d3 =/ .,
V@I 7.9) = [ G e u@ ) als) ol @90

=" u(p,s)[0),

Solution: One has

so that
P @) =3 g ol (7.5) 55 @ 0) [0 (7.)
. E,+m G P G .
=35 (B ) o (o + it o ) 2l 5
— // E +m ﬁQ = /!
_ sl za ( )<”(,, m)>|w< )

= 1[0 (5.5)).

where the £ corresponds to s1 2, i.e., 03(;’)8112 = £¢s,,- The calculation is similar for 1°
except for two compensating signs:

o 1
Tt (Bos) = =D 57 v (Bs) 5 w7, o) [0° (7, 5),
= 2E, 2
where the — sign is because b and bt had to be anticommuted. But this is
B E,+m T G-p 3 0P 3 cl=
= Z( ) <Ep+m"E,,+m+0 X l¥° (7. 5)

= i§|¢c (7, 5)),

where the second — sign is from agxslyz = FXs1-

2.14 Derive the results in (2.181) for the helicity projections in the massless limit.

Solution: Write p = <E pB) where p = BE. Then
msy = £E (ﬁ, B) =+ (p, E[S’)
=+ (B,p) % (p— B.[E—p] ) ~ { ;”:< ﬁ)}
Therefore,
(P+m+ym g — 7 P 1)

(ﬁi 75 ¥) +O(m)
—IdPL,R =Pr P

1
2 2
1
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Similarly,

(p—m) # =yPrr =PLRr V.

2.15 Weak charged current transitions involve the chiral spinors ur (9, s) and vg(p, s) de-
fined in (2.203). Show that in the relativistic limit such transitions mainly involve negative
helicity particles or positive helicity antiparticles, and estimate the suppression factor for
transitions involving the “wrong” helicity.

Solution: Expressions for the helicity spinors in the chiral representation are given in

(2.195). For E 3> m, Ay — m/E and A_ — 2. Then, applying Pr, = (é 8)

Pru(+) — ;?E@( ¢O+ ) Pru(—) — @( ¢0— )

Pro(+) — 2E< N ) Pro(—) — 2”;@( b )

s0 the rates for the wrong helicity are suppressed by m?/4E?2.

2.16 Show in two ways that |u(ps, +)u(p1, —)|* = 2p1 - p2, where u(p, &) are the helicity
spinors for a massless fermion: (a) directly from the form of the spinors in the chiral repre-
sentation, (b) using trace techniques.

Solution: (a) From (2.195) and Table 2.1,
(P2, +)ur, —) = V2E2\/2E164(2)T¢_(1)
0 0 _, 0 0, .
= \/2E3+/2FE | — cos 72 gin L1 4 gin 22 cos e 2 ,
2 2 2 2
so that

0 0 0 0
|@(p, +)u(py, —)|* =2F, 2F, [0052 ?2 sin? 51 + sin? 52 cos? 51

2 cos b2 si 1 si b2 cos b1 cos( )

— — sin — sin — cos — -

B ) D) D) $1— P2
=2F1E5 [1 — cos 01 cos by — sin b sin 0 cos(p1 — p2)]
=2p1 - pa.

(b) From (2.181)

\@(pa, +)u(pr, —)|*> = Tr(PrL $1Pr #2) = 2p1 - pa.

2.17 Prove the Fierz identity in (2.216).

Solution: Fxpand

- - v T
warWar, = Prwapwsr, = aPp + Pre,y” + Pre, 0.
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Only the ¢ survives when inserted back in the L.h.s. of (2.216), yielding

(W1 LYy yuwar) ¢y = =2 (W17 war) .
But
1 _ 1,
=3 Tr (yywarwsr) = 5 (Wsry,war) -

(The last step would yield an extra minus sign for anticommuting fields.)

2.18 Suppose a fermion ¢ of mass m interacts with a Hermitian scalar ¢ of mass p with

L = ho,
where h is small.
(a) Calculate the spin-averaged differential cross section for ¥ (p1)y(p2) — ¥(p3)¥(ps) in
the CM in terms of the invariants s, ¢, and w.

(b) Specialize to m = u = 0. Show that the scattering is isotropic in that limit and calculate
the total cross section.

Solution: (a)

N2 . | UsUTU4U  UgULUIU2
M = (ih)" i — — |
so that B
do 1 -
dcos® 327Ts| |
with
812 =5 7 [P
4 2
:};Kt—lth) [Tr ($1 +m) (B3 +m)| [Tr (P2 +m) (Ps +m)]
2
B <U_1M2> [Tr (p1+m) ($a +m)] [Tr (#2 +m) (P +m))]
(=) (2) (et m G m) G4 <m+m)+<3ﬁ4>]]
4 1 ? 2 2 1 2 5 2
=h [(t—lﬁ) (4m? — t) +<U—M2> (4m® — u)
_% (t _1M2> <U—1M2> {(4m2 —u)2 + (4m2 _t)2 — (s —4m2)2”7
where

t = —2k*(1 — cosf), u = —2k*(1 + cosf).
(b)

= M =

dcosf 327TS| 327s 4tu
ot 1_} (1—cos0)®+ (1+cosf)> —4\]  3h*
" 167s 1 —cos26 T 327s’

do 1 i 2h* {1 t2+u2—82}

4
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Therefore,

e do 3ht
o= dcosf = .
773 /_1 OV dcoso  32ms
2.19 Consider e~ (k1) 7 (py) — e (k2) 7t (j2) elastic scattering. Show that the spin-
averaged differential cross section in the pion rest frame is

oL

_ 2

dcos Oy, 240, 2%y 2 60L |’
2]€1 Sin -5 1+m7ﬂ_Sln -5

de ma? cos?

where 607, is the electron scattering angle and we have neglected the electron mass. Hint: use
(2.224).

Solution: From (2.65) and (2.46),
s |MP? (k)\?
dcosf  32mm2 \ky ) ’

ko 1

kil - 1+ fnﬁ sin? %'
But from (2.224) and using t = —2ky - ko and ps = k1 + p1 — ko,

where

4
T2 e 2
|M| = W [Skl 'p1k2 cp1— 4k1 . kaﬂ.] .
But
.2 eL
ki - ko = ki1ko(1 — cosfr) = 2k1 ko sin >
k1 -p1 = kima, ko - p1 = kamy,
so that
NI = 16m2a?m?2 c?sz %L.
k1ko sin* 4%

2.20 Calculate the CM differential cross section for the process e~ (7y)ut (k) —
e~ (p2)pT (k2) in terms of s = EZ%,,, the CM scattering angle ¢, and the muon mass m,,.
Neglect the electron mass.

Solution: Similar to (2.225),

. 2
e” _ _
My; = - UoyHuy V1,02,

where the u spinors refer to p1o with me ~ 0, while the v spinors refer to ki and my,.
Then,

ot
‘Mfz"Z :E Tr (v 1" p2) < Tr (vu (K2 — mu) v (K1 —my))

- Qe

= [p1-kip2 k2 + p1-kapa -k *mipypg],
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and
do 1 P

| M.

dcosf  327s Di

In the CM, the four-momenta are

b1 = (p70707p)7 b2 = (p7pSin97O7pCOSQ)
ki = (E70703 7p)7 ke = (Ea 7pSil’10,0, *pCOSo),

where ) )
§—=my, s—I—m#
=p; = = s Ezi.
Therefore,
p1-ki=p2-ko=p(E+p)=pys
p1-ka=pa-k1=p(E+pcosh)
p1-po = —t/2 =p* (1 — cosb),
so that

de
dcogsg - 47ra25? [s + (E + pcos6)? *mi(l — cosf)].

2.21 Verify the expressions for Bhabha scattering in (2.234) and (2.235). Rewrite the final
result in terms of s and cos 6.

Solution: From (2.233) and (2.208),

4 — — — — — — — —
2 = & Ugyu Va2 uy us’mulvz’Y”M] [04’YVU3U1’YVU2 U1%U3U4’Y”02]
)

4 s t s B t

which yields (2.234). The first term is

4et v
~7 [PauPsv + Pavpsy = Guvps - pa] P1P5 + PiPy — 9" p1 - p2]

Re 12 4 g2
= 57(1’1 “P4D2-P3+D1-DP3P2 - Pa) = 327202 <52

and similarly for the second. Using (2.174), the third term is

4 4,2

e 2e*u u?
—— |21 » v = = 397202
4st[ T(Bovu Ba 17" P3)) o 321« (st) ,

and the same for the last term. For massless particles,
t= —;(1 — cos ) = —ssin?(0/2), u= —%(1 +cosf) = —scos?(6/2),

leading to

25 \ 1—rcosd

de ma? |1+cos?0 (L+cos*g)  2cos* _ ma? (34 cos?0 2
dcos s 2 sin* & sin® & - '

which displays the singularity from the t-channel pole in the forward direction.
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2.22 Calculate the differential cross section for unpolarized Mgller scattering, e"e™ —
e~ e, both in terms of the invariants and 6.

Solution: From the t and u-channel diagrams in Figure 2.14

(p1 —p3)? (p1 — pa)?

7 - M 7 - M
. U3YpU1U47y" U2 UgYp U1 U3y U2
M = ie? [ Tn 2 Tn i ]

By a calculation essentially identical to the one for Bhabha scattering,

do mo? [s2+u?2 2 4+t2 242
+ + —

dcosf s 12 u? tu
_ma? [(I+cos*8)  (1+sinf) 2 1
s sin? g cos? g sin? g cos? g
2ma? 16 8
- s Lin49 " sinZ@ ] ’

showing the singularities for 8 =0 and .

2.23 Calculate the spin-average differential cross section da/dcos@ in the center of mass
for e~ (p1)et(p2) — 7 (p3)7+(pa), and the total cross section &. Neglect the electron mass
but not the pion mass. Ignore strong interaction effects. The angular distribution should be
proportional to sin? 8. Interpret this result.

Solution: The calculation is similar to e~ scattering and e~ et — ff in Section 2.8.
The differential cross section is the same as in (2.226), with the kinematic variables given
in (2.229) (with my = my). The amplitude due to the s channel photon diagram is

2

. —ighP L —ie -
My; = —ie (p4 —p3)u (—He ’Ug’}/pul) = 5 (p4 —ps)u U2yt Uy,
so that
 j 2 1 64 ”w v
[Myil™ = 5 (Pa = p8)u(Pa = p3)u Trv" #10" o]
4
e

8—2(p4 — p3)u(ps — p3)v (PID5 + PPy — 9" p1 - p2)

Loago .2
= 0
2eﬁfsm ,

where we have used (2.229) and (2.230). Then,

do Ta? 33 o33
7__ 76)0 sin” 0, o= 7ﬁf .
dcost 4s 3s

Because of their vector couplings, the initial e~ and e™ have opposite helicities in the rela-
tivistic limit. Thus, the z component of angular momentum is £1. The pions have no spin
and there is no orbital angular momentum in the direction of motion, so they cannot move
in the +z direction. Equivalently, their angular distribution should be o< (|Y{|? + Y7 %) ~
sin® 0, where Y™ is a spherical harmonic.
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2.24 (a) Consider the Mott scattering process in which an electron of momentum p = §F
scatters from a static Coulomb potential of charge Ze,
Ze

A'u(l') = m

(1,0,0,0).

Show that the unpolarized (Mott) cross section for scattering angle 6 is

do  (Za)*mw(1—p%sin® §) Z%a2T
dcos 232p? sin* § p<1 282p2sin® &

The last formula is the the Rutherford cross section.
(b) Suppose the Coulomb potential for an electron in a nuclear field transformed as a scalar
rather than as the time component of a four-vector, i.e.,

_ Ze
Ar|E]”

Hi = —ep(x)d(2)p(z), ()
Calculate the unpolarized differential cross section, and compare it with the Mott formula.

Solution: (a) This is an example of scattering from a static source, with Lr(x) in (2.66)
given by
1

T drfa]’

L, = 20(an i), 9(0.7) #(7) = 1=
Therefore, from (2.74)

do _i|
dcosf 8w

_ 1 2m(Za)?
Myl = 3 Z W\UWOWP

51,82

= TZ0" 0+ m)y (e +m)] =

71"
from which the result follows.
(b) Calculation is identical to Mott scattering, except

7(Za)?2E? — p1 - pa + m?]
10
4psin® 3

)

Tr[y°($1 + m)° (#o + m)] = 4 (E* + m? + p* cos§) = 8E? (1 — 3?sin? g)
is replaced by

Tr((g1 +m)(#2 + m)] = 4 (E*> + m* — p® cos ) = 8E” (1 — /3% cos® Z) .

2.25 The interaction of the Z (a massive neutral vector boson in the electroweak theory)
with a fermion f is

L= -G (gv — 9ar°) ¥(x) Zu(x),
where G, gy, and g4 are real constants. Calculate the width for Z — ff. Let My and m
be the Z and f masses, and set G = 1.

Solution: The amplitude for Z(py) — f(p2)f(p3) is

M = —ie, (N asy" (gv — gay®) vs.
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From (2.82) the differential decay rate is

dr MZ — 4m?2
_ M2 _ Z
dcos 167TM2 Z| % by 2 ’
with
1 2 _|a712 1 *
3 SIMP =N = 2 e e ()
A A

x Tr [v* (gv — 9a7°) (#3 — m) " (gv — gar®) ($2 +m)]

4 D1uD1 .

=~ | —guw + =52 ) [(0hP5 + pips — 9" p2 - p3) (9 + 92)
3 M
- ngl“/ (9\2/ - 9124) +2ingA€upyap3pp2U]

4
= 5 (MZ —m?) (97 + g4) +4m* (97 — g4) ,

where we have used py - pa = p1 - p3 = M2/2 and ps - ps = (M% — 2m?)/2. Therefore,

_ My 2 2
87rM2| 11— 1o (ot +94).

2.26 The A is a heavy spin—% hyperon that decays into pm~ via the non-leptonic weak
interactions. The decay interaction can be modeled by

Lr= 1/_)1)(95 - 9P75)1/)A¢7r+ + h.c.,

where gg and gp are complex constants that lead respectively to S and P-wave final states.
(a) Calculate the width T and the differential width dI'/dcos@ in the A rest frame for a
polarized A, where 6 is the angle between 55 and the proton momentum pj,. Use trace
techniques.

(b) Show that dI'/dcos@ is not reflection invariant for Re (gpgs) # 0, i.e., that it is not
invariant under p, = —pp, 5A — 3a.

(c¢) Repeat (a), but use explicit expressions for the A and p spinors in the Pauli-Dirac rep-
resentation. Justify the claim that gg and gp generate S and P-wave amplitudes.

Solution: (a,b) The decay amplitude and differential width are

dF pf|M‘2
dcosf 167rmA

ity (9s — gpY°) ua,

where pyis the final state momentum in the A rest frame, given by a form similar to (2.83).
Summing over the proton spin,

5
Z |M[* =Tr [(gs —9p7") (Ba + ma) (H;ﬂ) (95 + 957°) (Bp +mp)

Sp
=2myma (lgs|® — lgp|?) +2pp - pa (l9s]° + lgp|?)
—2mapyp - sA (9Pgs + 9pgs) ,
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where we used pp - sy = 0. But p, - pr = Epyma and pp - sp = —py cos @, where 0 is the angle
between p), and 5. Therefore,
dar’ - Dy
dcosf  8mwmp
+ 2Re (gpgs) pycosb].

[(|QS‘2 =+ |9P|2) Ep + (|QS‘2 - |9P|2) myp

This is clearly not invariant under cos@ — — cosf.
(¢) The Dirac spinors in the Pauli-Dirac representation are

uA\/QmA((bOA), up\/Eermp( gp(i)s &, )

E ptmyp

Using the expressions in (2.164) for v° and v,

M_ZV VE+mP¢sp<gS+gPE+ )¢A7

which are obviously S and P wave. Therefore,

D IMP =3 2ma (B, +my)

Sp P
G- P G-,
N <95 + gpiE T ) ¢s,,¢ <gs + gPiEp n mp) oA
At A

=2my (B, +my) Tr (41461},

where we have used Zsp gbqubip = I. Taking

1 1 .
oA = < 0> = ¢A¢R:§(I+Ud)a
we have
Z |M[* =2my (B, +my)

pp cos 0

5 + (959p + 9s9p) m

P
(Ep +my)

which reproduces the result obtained from the trace calculation.

)

x [gsﬁ +lgpP

2.27 A vector resonance V), of mass My and width I'yy couples to massless fermions a
and b with the interaction in (F.12) of Appendix F. Calculate the total spin-averaged cross
section for aa — bb. Assume that the propagator in (2.129) is modified to the Breit-Wigner

form .
24 4+

DI (k) =
iDy (k) = Z[Iﬁ M2 +iMyTy

and express the result in a form similar to (F.11).
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Solution: The k*k¥ /M2 term in the propagator vanishes when contracted with the massless
Jermion bilinears. The total cross section calculation is then almost identical to the one for
ete™ — ff. Applying the obvious modifications to (2.232) one finds

99 5
o(s) =73 722 272
127 (s — My)? + MyTY,

To put this into the form (F.11) we calculate the spin-average total width for V — bb,

with a similar form for Tua. Therefore

_ 127 (s/MZ)Taal'y; 127
= —5 B.aB bs
(7(8) (S _ M‘Q/)Q +M‘2/F%/ s:]\/[?/ M‘Q/ bb

where the branching ratio into bb is Byy = Ty5/Tv .
2.28 Consider the interaction

L1 =g (Yartord + Vortbard’)

between distinct fermions 1, and 1, where ¢ is a complex scalar and g is real. Show that
the Lagrangian violates P and C, but is C'P invariant.

Solution: Under space reflection

Lit,T) — gnp (Yarterd + Pprtard’),

where np is a parity phase from the 3 fields, the (t,Z) — (t,—Z) dependence is implicit, and
we have used Table 2.2. This is # Li(t,—F) for any np. Similarly, under charge conjugation

L1 = g (nesrard’ + nEdarterd) # L.
However, under CP = PC,

Li(t,7) = g (nenportbard’ + nEnparthord) |

which is equal to L;(t,—&) for the phase choice ncnp = 1.
2.29 Consider e~ (k1) 7t (5y) — e~ (ky) 7T (Fs) scattering, as in Figure 2.15. Use the two-
component formalism of Section 2.11 to calculate the amplitudes M (—, —) and M (+, +) for

me = 0 and m, # 0. Express your results in terms of «, 3, and the CM scattering angle 6.
(The two amplitudes should be equal up to a possible sign by (2.278).)

Solution: From (2.342), (2.207), and Figure 2.10,

M(=,—) = [ie 2k ¢ (ko)'o" (k) [qg} [—ie(p1 +p2)"]
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M(+,4) is the same except ¢_(k;) — ¢4 (ki) and G* — o, where G* and o* are defined
in (2.167). But,

k1 = k(1,0,0,1), ko = k(1,sin 6,0, cos )

D1 :E(1,070a _671')7 D2 :E(la_ﬁﬂ' Sine,o,—ﬁﬂCOSG)
2
T = ﬁwEa E=

s—i—m?r

SN

sS—m

25

q® = —2k*(1 — cos9), k=

The spinors are given in Table 2.1, i.e.,

o_ (ki) = ( (1) ), b1 (k1) = ( (1) )
oy

Putting everything together,

1 cos ¢
M(—,—)=M =38 = +1) ——2—.
( ’ ) (+7+) Tl (/877 + ) 1 _ COSG

2.30 Consider the non-relativistic limit of the matrix element (2.356) for an e~ in a static
external field.

(a) Compute the limit to linear order in the momenta. Hint: use the explicit forms for the
spinors in the Pauli-Dirac representation. It simplifies the calculation to rewrite uol™uy
using the Gordon decomposition.

(b) Suppose that I'*(pa,p1) in (2.352) contained a term 1;:: ¢,7°G2(q?). This violates P
and T but in principle could be generated by a new interaction. Show how G2(0) is related
to the electric dipole moment cfe of the electron, which is defined by the non-relativistic
interaction Hgpy = —d_; E (Z), where E is an external electric field. Note that the Her-
miticity condition (2.354) requires that Go is pure imaginary.

Solution: (a) Using the first Gordon identity in Problem 2.10, the r.hs. of (2.356) is

H M %
_ + 1ot <
—eUs (p12mp2 Fl + o qu [Fl —+ FQ}) U1 A#(q)

From the explicit forms for the v matrices in (2.164) and for the spinors in (2.184), only
the upper two components contribute to linear order, yielding

—eol, (2mAo(@) - (71 + B2) - A7) s,
for the first term. Only the space components contribute at O(q) in the second term, giving
—ie ¢1,0% s, €ijng’ A(7) [1+ F2(0)] = e [1 + F5(0)] 61,7 - B(7)s,,
since €;jxq’ AYT) = ZB]“((]')

(b) The 0®qy and o' qj terms are second order in the momenta, while the o%q; term reduces
to

—eG(0)61,7 - TAo(T) b, = —ieGa(0)p1,5 - E(T) s,
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where E(§) = —iGAo(7) is the Fourier transform of the electric field E(Z) = —V Ao(Z).
This corresponds to the covariantly normalized momentum space matriz element of Hgppy

for
Cfe _ ZGGQ(O)&
2m

2.31 Suppose there is a small electric charge-violating coupling between the electron and
a massless left-chiral neutrino vy, with

Loy = —56ANQZJ,/L’7M’L/16 + h.c.

Calculate the lifetime for e~ — vy, and find the value of é corresponding to the limit in
Table 2.3.

Solution: The decay amplitude is

M = —iéeeZﬂl,Lv“ue.
From (2.178) and (2.181), w,, i, — Pr p, in the massless limit, with Py, = (1 —~5)/2.
Therefore,

|M|2 Z ‘M|2 6262(_g;w) TT[’Y'LL(%@ + me)'YUPL %u] = 20%¢? DPe - D,

with pe - p, = m?2/2. Therefore,

M 1
= =-0 e
16mm. 4" "
Using h = 6.6 x 10722 MeV-s and m. ~ 0.51 MeV from Table 1.1, the limit T > 6.6 x
1022 yr=2.1 x 1035 s corresponds to § < 5.8 x 10728,

I'=~

2.32 Consider the proton matrix element u(p2)I';, (¢)u(p1) of the electromagnetic current
n (2.393), with I'y; given by (2.397). Calculate this explicitly in the Breit frame, in which
O .
q° =0, i.e.,

q:(070,07\/@)ﬂ p1=(E,0,0,—\/@/2), pQ:(Eaanv—’_\/@/Q)

Express the time and space components in terms of the electric and magnetic form factors
defined in (2.398) and interpret the results.

Solution: Using the Gordon identity,

olaid
2 ['YNFl +
2m

(p1 + p2)*
2m

qVF2:| Uy = ’L_LQ |:’YM(F1 + FQ) — F2 ui.

P p

But (p1 + p2)°? = 2E = 2, /m2 4+ Q%/4 and (py + po)t = 0. Writing out the spinors and
matrices in the Pauli-Dirac representation,
uQFQul = 2mp¢2GE(Q2)
UQFQul = GM g
= Gu(Q%)6}

—

[ ﬁO’ +Ulgﬁl] ¢17
i(6 % q) 1,
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where ¢1,2 are the Pauli spinors and we used p> = —p1 = §/2. Then, similar to (2.356) (but
for the proton with charge +e),

GEIHIP) = @) [ EFess Al )
— 2 e 0} [GE@?)AO(J) -

so that Gg v can be interpreted as the Fourier transforms of the electric and magnetic
distributions of the proton.

2.33 Let V(&1 — #2) be the potential between two non-identical spin—% particles in non-
relativistic quantum mechanics (NRQM). (V' may also depend on their spin and momentum
operators). One shows in time-dependent perturbation theory that the transition amplitude
Uy; from [i) = |P1s1,Pas2) to |f) = |Psss, Pasa) with my = mg, mg = my is

Uyi = —i(2m)*0* (ps + pa — p1 — p2) 650} </ d3F€_i&FV(F)) P12,

where ¢; is a two-component Pauli spinor, and V' contains appropriate spin matrices. Note
that these states are in our covariant normalization convention, which has an extra factor
V/2m)32E; ~ +/27m)32m; for the i'" external particle compared to the usual conventions of
NRQM. The corresponding formula in field theory is

Ui = (2m)*6* (p3 + pa — p1 — p2) M,

where M is the scattering amplitude with the phase convention of Appendix B. Comparing
these results, we can read off the equivalent non-relativistic potential corresponding to a
given scattering amplitude. Specifically, for

!
N[
N[

Pr=—P2=p— -, P3 = —ps=p+

b

the non-relativistic limit 7 — 0, |¢|> < m? yields

M — —i(2my)(2m2)dLoiV (T) 1o = —i(2ma)(2ma) dlel / PFeT TV (F) by

Non-leading terms in p’ can be interpreted as the non-relativistic momentum operator.
(a) Calculate the potential corresponding to the effective four-fermi Hamiltonian density
Hi = A1 ats.

(b) Consider the interaction

Lr = [g1911 + gatbarhs] ¢

between two fermions and a Hermitian scalar of mass mg. Calculate the potential between
11 and 1y generated by t-channel ¢ exchange, and show that it is attractive for g1 g2 > 0.
(c) Calculate the potential generated by

Lr = [g1v17"1 + gatbay* 2] Vi,

where V), is a spin-1 particle of mass My . Show that it is repulsive for g; g2 > 0.
(d) Repeat parts (b) and (c) for the case g1g2 > 0, but for the potential between antipar-
ticle 1 and particle 2 and interpret the results. Hint: it is slightly easier to use the charge
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conjugation formalism of Section 2.10.

(e) Consider the interaction in (2.269) of a 7° with protons and neutrons. Calculate the
tree-level amplitude for p(py) n(p2) — p(Ps) n(ps1) by t-channel ¥ exchange, and show that
it leads to the non-relativistic potential

2,,3 —x
. g:m, (1, _ e S/1 3 3N\ .
V() = — G & — 4+ 2=

(") 16mm2 37 I T3 (x teEtE)e ]

where m,, ~ m,,, G,(5,,) are the Pauli matrices acting on the p (n) spin, £ = m,r, and S is
the tensor operator
S =30, 70y T —0p-0n.

Solution: (a) We have

M = —i(f|H;]i) = —iMisu; Ggus —= —iX(2m1) (2ma) b o,

where we have used the explicit expressions for the u spinors in the Pauli-Dirac representa-
tion. The absolute sign follows from explicitly writing out the fields and using

.
(384] = 34)" = (alall0)) = (Olasas.

Thus, V() = A and V(7) = X63(7).
(b)

9192
TR+ mz (2m)(2m2)
o

M = (ig1)(ig2) (

5 | Usu1 Uguz —
q= —my

where the second form is the non-relativistic limit in the CM. Thus

meT

V(i) =~y V)=

__|(j'|2—i—m3)7 " dr

the Yukawa potential. It is attractive for gigs > 0 and repulsive for g1g> < 0.

(¢) The calculation is similar to part (b), except the propagator has —ig,, in the numerator.
Only the = v =0 terms survive in the NR limit, yielding

Mv’l‘

gigz2 e
Vir)=+=— ,
(r)=+ 47 r

which is repulsive for same sign charges and attractive for opposite signs as expected. For
My — 0 and g; = eQ;, we recover the Coulomb potential V (r) = aQ1Q2/r, with a = e* /4.
(d) From (2.296) and Table 2.2, we have that vy = ¥$US and YiyHahy = —p§yrabs.
Thus, the scalar exchange potential is unchanged for 1 — 1 (i.e., it remains attractive),
while the vector exchange changes sign and becomes attractive. One can also write out the
matriz elements using the original ¥, field. In both cases there is an extra minus sign from
anticommuting the b and b operators, and another minus sign for the scalar case because

of the 4% in 1, e.g.,

Bl |1) = —v1v3 — +X1X3 = ¢§,¢1, 3171 |1) = —v17%03 — —XJ{XB = —¢§,¢1.
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(e) The p and n vertices are respectively il = Fg,7°, so

ng

s — 5 — 5

M = — 5 5 Uz U1ty uz.
q= — mx

But %5 = (_? é), 50

5 t|d-p1 0P T P
Uz ur = 2mpoy [ — } ¢1 = —¢30 - (p1.
P 2m,, 2my,

Therefore,

2 3 = iG
= e (309) (59) [ 5
- Jm v (5, V) | =15

32m3m3 or 7 7%+ m?2

where we have taken m,, ~ m,,. Note that o, and o, act on their own spinors. Using contour
integration, the integral is just the Yukawa form

o2 e "
= e = o m, ——.
r T

Also, V= mﬂﬁx where ﬁx = %, so that

o= T (%) (%) ()

But

L oeNer od e\ yatd e\ 1 1] _,
(U" VI) x _U"d:ci(x)_anxdx 2 )T T E TS

Therefore,

yielding the result after a slight rearrangement.

2.34 Suppose that a new lepton-flavor violating interaction leads to the effective interac-
tion B
Lepr = —iiF‘“’éch [A + B’yS] i+ h.c.,
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where A and B are respectively magnetic and electric dipole transition moments. Calculate
the decay rate for u — e, neglecting m..

Solution: Leyy leads to the matriz element
M = —et. f ¢ [A+ ny5] Uy,

where ¢ = p,, — pe 5 the photon momentum, € is the polarization vector, and we have used
qg-€ =0. But p, - € = 0 also, and one can choose a linear polarization basis so that € is
real. Then

M = +emyt. g/[A — Bw5] Uy,

and
_ 1
|M|* = 3 262 mi Tr(Pe ¢ Pu ¢) (|A|2 + |B|2) = 4e2mipe Py (\A|2 + |B|2) .
A

But pe - p, = mi/Z, 50

2.3
Df a2 _ €My 2 2
I'= M| = —F—(|A Bl?) .

87rm3| | 8 (| "+ |)



