Chapter 2

Portfolio Optimization
Solutions

Exercise 2.1

Consider a Portfolio Optimization problem with datan = 3, p = (1.1,1.15,1.2)",
and 3 = diag(107*,1073,1072). Find ho, hy, x(t), ag, a1, Bo, 51 and Bs, (as
in Example 2.1) and sketch the efficient frontier.

Solution:
First of all, we have

0t 0 0 1 10
> M= o0 100 0 1| =110
0 0 10 1 102
and 'Y = 10* + 103 + 102 = 11100. Thus,
_ 100 0.9
»1 1
ho=7eT =7—=| 10 | = [ 0.09
e A TV 0.009
Next, we have
10 0 0 1.1 11000
Slu=1 0 102 0 1.15 | = | 1150
0 0 107 1.2 120
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and 'S~y = 11000 + 1150 + 120 = 12270. Then

$-1
— Z—l _ /E_l
i plxp szlz]

11000 100
1
= 1150 | — % 10
120 1
1 —2000 —54.054
= 37 1650 | ~ | 44.594
350 9.459

Therefore, the efficient portfolios are given by

100 . —2000
z(t)=ho+thy=— [ 10 | +—= 1650

111 1 37 350

and have expected return ju, = ag + toy and variance o = By + 61 + t*5s,
where

409
= hy = — ~ 1.1054
(o%)) /’L 0 370 )
235
= Jh =22 x31
a phy = 2~ 31756,
1
— KWYhy = —— ~ 0.00009
& 070 ™ 11100 000009,
!
B, = h\Yh, = 1 1 hi=0
Lo T T 1100 ) L=
B, = WSh
~1/5\’ 1 235
— — 1 33/20 | hy = ——(400 +2722.5 4+ 1225) = =22 ~ 3.1756.
37 7§2 ! 1369< + * ) 74

So we have a; = (5, and 7 = 0 as expected.

The equation of the efficient frontier is

o2 —0.00009 = (1, — 1.1054)* /3.1757,
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which gives us the following picture.
Hp

ap = 1.1054 —

1.05 ‘ ar
0 Bo=0.00009

Exercise 2.2

Consider a Portfolio Optimization problem with data n = 2, p = (1.1,1.2)/
and 3 = diag(1072,107!). Augment this problem with a risk free asset
having expected return » = 1.05. Determine the efficient portfolios and the
two pieces of the efficient frontier.

Solution:
First we calculate the efficient risky assets as

a(t) =tS (p—rl) =t (180 100) (8(1)2) =t (1?5)

and the efficient risk free asset as
Tpi1(t) =1 —tI'S Y (u—rl) =1 — 6.5t

Letting t,, = 1/(I'S7Y(u — rl)) = 1/6.5, we get the market portfolio (the
efficient portfolio which has zero holdings in the risk free asset), which we

calculate as /
B 1 ~(10/13
T =t (0 rl)—(3/13>.

The market portfolio has expected return

73
oy = 1Ty, = o~ 1.1231
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and variance

which gives us

19
— /=2 ~0.1060.
Tp 1690

For ¢ > t,,, the efficient portfolios are given by z(t) = hg + thy, where
¥l 10/11
ho pr— —_—
I'x-1 1/11
$-1 —10/11
T A | _
o - ()

Therefore, the efficient portfolios are given by

5
<t <
t 15 ) for 0 <t <t,,

x(t) =
10/11 —10/11
(1/11)+t 10/11>, for t > t,,.

The efficient frontier is composed of the linear piece

=

pp — 1 = 0pl(p — )’ S (= 1))
and the hyperbolic piece

o, = (1 — a0)* /a1 = .
In our case, we have [(u — rl)'E —rl)] 1/ ~ 0.6892, ay = ﬂ ~

1.1091, ay = 1—11, and [y = 110 0 0091 Therefore the two pieces Of the

efficient frontier are
p, — 1.05 = (0.6892)0,

and
o2 — 11 (p, — 1.1091)* = 0.0091,

which gives us the following picture.
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Hp

ap = 1.1091

r=1.05—

Exercise 2.3
Show [, = 0 if and only if x4 is a multiple of [.

Solution:

/E—l
Note that By = hjXhy, where hy = X1y — (ll’EflL) Y.

(=) Suppose [y = h}3h; = 0. Since X is positive definite, we must have

Z/E—l
hi = 0. Therefore, X7ty = (l’E‘ﬁ) ¥, which implies that

_ 'S~y ;
H=\T7s11 )"

so we see that p is a multiple of [.

(<) Suppose u = cl. Then

/2—1
hy = X l—c (l — l) » U

I
o
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which implies that 8, = h{Xh; = 0.

Exercise 2.4
Verify (2.17) (oq = fa).

Solution:

Note that By = h|Xh; and oy = p'hy, where hy = X7y — (

Then,
Ba
Therefore,
ay — P =
SO 62 = 1.

= WIh
'S~y
- (= (5ew))
'S~y
- hiﬂ—(m) il

'S~y

llzilﬂ -1 Z/Eillu I5—1
-1 (zz a (wz—u)lz l)

I'S~tu
s

Je

Exercise 2.5
No solution given.

Exercise 2.6
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Suppose ¥ = diag(o;). Show the efficient portfolios have components
x; = [0 +t(w —0)] Joi, i=1,...,n,
where
0 =1/(c;" +---+0,") and Oy =0,(u1/o1 + -+ + in/0n).

Also, show the multiplier for the budget constraint is u = —#; + t0,.

Solution:
First note that £~! = diag(o; '). Then

,u’E_ll

el:m and 92:m7

SO
x; = (ho+thy);

= H(ZT); +H(E - 6,571,

= 01/0; +t(pi)o; — 02/ 0;)

= [0y +t(pi — 02)] /ou.
Moreover,

-1 WS

= IS-1] +tl/271l = —91 +t92

u
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