Chapter 2: Second-order Differential Equations

2.3 Second-order differential equations

Problem 1. Solve equation

(x=3)y"+y'=0.
Solution.
Letus y'=z(x). Then z _% y". Equation now reads
(x=3)z2'+z=0.
This is the linear nonhomogeneous first-order equation. Its general solution is:
2 _ [~ Infg=—In[x-3+In[c| -G
4 X—3 (x=3)
Next, integrate
dx
= dy=C,|—— =y=C,In|x-3/+C,.
V=D Jdy=Cf-— =y=Cinjx-3+C,

Thus, the general solution is
y=C;In|x-3/+C,.

Problem 2. Solve equation

y3y":1
Solution.
Let us y'=z(y). Differentiation of z(y) gives y”:%g—i, and replacing here
y
' by 2(y) gives y'=2(y) &
Equation now reads
3 dz
z—=1.
y dy
This is first-order equation. Its general solution is:
2
-1
jzdz:J‘d—Z = 7’ :—i2+C1 = Z=L
y y y
Next, integrate
2
\ -1
y' :L = &: dx =
y Cy’ -1
j 4(Cy’-1) jdx = JCy?-1=Cx+C
2C \/C yz 1 1y - ™

Thus, the general solution is
1



Problem 3. Solve equation

y12+2yyn:O
Solution.
Let us y'=z(y). Differentiation of z(y) gives y":j—;%, and replacing here
' by 2(y) gives y"=2(y)
Equation now reads
22 +2y77' =0
This is first-order equation. Its general solution is:
Z_dz—_jdy 2Infz|=—In|y|-Injc| = 2=—.
Cy
Next, integrate
y'=i = C,lydy=dx =
Cy
= Clj.\/ydyzj'dx = gcl\/F:XJrCz
Thus, the general solution is
y? =C,(x+C,)°.
Problem 4. Solve equation
y'(e*+1)+y' =0.
Solution.
Letus y'=z(x). Then z _% y". Equation now reads
7'(e*+1)+2=0.
This is first-order equation. Its general solution is:
X 1+e
E:_J' x_ gz—je df( = —j—) =.
4 e’ +1 4 1+e” 1+e

= In|z|=|n(l+e‘x)—ln|C| = :C1(1+e)
Next, integrate
y'=C/(l+e™) = [dy=C[(1+e™)dx =y=C(x—e7)+C,.
Thus, the general solution is
y=C/(x-e7")+C,.

Problem 5. Solve equation
"_ 2 13

Solution.



Let us y'=z(y). Differentiation of z(y) gives y":j—;%, and replacing here

y' by 2(y) gives y" = z<y>g—;.

Equation now reads

yzz' =22 - 73
This is first-order equation.
zlao At
z2° 1 y\z Z
1
oY
J'Z—:—J‘ﬂ = In(l—lj:—ln|y|—ln|cl| - 1.t
1, y z z  Cy
z
Next, integrate
y = Cy = 141 dy=dx =
Cy+1 Cy
1 ¢dy
= |dy+—|—=|dx = y+C/nly|l=x+C
J. y Clj. y _[ y+4, |y| 2
Thus, the general solution is
y +CyIn|y|=x+C,.
Problem 6. Solve equation
x(y"+1)+y =0.
Solution.
Letus y'=z(x). Then Z’ :%: y” . Equation now reads
z’+1+£:0.
X
This is the linear nonhomogeneous first-order equation.
The general solution of the homogeneous equation 2z’ +E =0 is:
X
[ o fg=-mf-Inc] = 2=S
z X X
Next, using variation of the parameters we look for the particular solution of the
inhomogeneous equation in the form z(x) = @.
X
T(x)zxc (x)-C(x) - xC (X)_C(X)+C(X)+1=O N

X2 NG NG

2
= C'(X)=-x = dC'(x)=-xdx = C(x)z—%wl



This gives Z(x) :—§+&. Next, integrate
X

, x C 1 dx X’
y:—§+?1 = ‘[dy:—EJ.xdx+C1‘[7 :>y:—7+Clln|x|+C2.

Thus, the general solution is
2

y:C1In|x|—X—+C2.
4
Problem 7. Solve equation

Solution.

Letus y'=z(x). Then Z’ :% =y". Equation now reads

7' =+1-2% .

This is first-order equation. Its general solution is:

J'\/ld_z7zj'dx = arcsinz=x+C, = z=sin(x+C,).
Next, integrate
y'=sin(x+C,) = y=-cos(x+C,)+C,.
Thus, the general solution is
y=C,—cos(x+C,).

Problem 8. Solve equation

y" +2xy"=0.
Solution.
Letus y"=2z(x). Then z'= % =y". Equation now reads
z'+2xz2=0.
This is first-order equation. Its general solution is:
z
9 _ —Zj xdx = Inlz|==x*+In|C| = z= Ce ™.
4

Next, integrate
y'= Cle_X2 = y'= Clje‘xzdx +C,.
Then,
y= J[Clje‘xzdx + Cz}dx +Cy= Clj[je‘xzdx}dx +C,x+Cs.
Integrating | = '[Ue‘xzdx} dx by parts we obtain:
u :je‘xzdx, dv=dx = du :e‘xzdx, V=X,
2 2 2 1 2
| =x|e “dx—|xe *dx=x|e *dx+=e".
Jerox] Je s

4



Thus, the general solution is

2
y = Cl(%e‘x + xje‘xzdx)+C2x+C3.

Problem 9. Solve equation

y!! + 2yl _ eXyIZ'
Solution.
Letus y'=z(x). Then Z’ :%: y” . Equation now reads
7'+ 2x = e*z22.

This is the Bernoulli equation. Dividing by z* we get

7727 +277t =¢¥,

Letus u=z". Then u’'=-z"?z" and the equation becomes
—u'+2u=¢".
The general solution of the homogeneous equation —u’+2u =0 is:
d—uzzjdx = Inju=2x+C = u=Ce”.
u
Next, using variation of parameter method we look for the particular solution of

the inhomogeneous equation in the form T(x) = C(x)e?*.
T'(x) =C'(x)e** +C(x)2e** = —C'(x)e** —C(x)2e** +2C(x)e** =e* =
= —-C'(X)=¢* = C(X)=e¢* =u(x)=¢"
This gives u(x) =C.e?* +e* and z(x) 1 y'.
e* (1+ Clex)
Next, integrate
dx ed(e”)

:_J'(l— e_xcii Cljd (e7) =—e™+Cnfe™ +CJ[+C,.

Thus, the general solution is
y=—e" +C1In‘e‘x +C1‘+C2.
When divided by z, the solution y=C was lost. Thus, also y=C.

Problem 10. Solve equation
' = ().

Solution.



Let us y'=z(y). Differentiation of z(y) gives y":zﬂ and replacing here

dy dx’
' by 2(y) gives y"=2(y) §Z-
Equation now reads
yzz' =25,
This is first-order equation.

Z' d(1l 1 dy
‘9 _y—|=]=1 dl=|=-[=2
Y7 - ydy(zj - I (zj Jy -

1 1
= ;——In|y|+Cl = Z_Cl——ln|y|'

Next, integrate
, 1
= =
y C,—Inly|
= Cljdy—fln|y|dy:dx = Cy+yln|y|=x+C,

Thus, the general solution is

(C,—Inly)dy=dx =

yIn|y|+x+Cyy+C, =0.
When divided by z, the solution y'=0 was lost. Thus, also y=C.

Problem 11. Solve equation

1
1_X2 "_L"‘_:O.
(L=%)y' =2+
Solution.

Letus y'=z(x). Then Z’ —dz _ y” . Equation now reads

dx
Equation now reads

1
1-x%)z'==(z-1)=0.
(1) S(2-1)
This is first-order equation. Its general solution is:

%jzd—zlzjlij);z - %In|z_1|:%m o o

+C, = z=1+C—-.
x-1

X_

Next, integrate
, Xx+1 2
y :“Clﬁ = y:J‘dx+C1J.[1+ﬁ}dx:x+C1[x+2In|x—1|}+C2.

Thus, the general solution is
y=x+C,[ x+2In|x-1]]+C,.

Problem 12. Solve equation



Xym _ y” — 0 ]

Solution.
Letus y"=2z(x). Then z'= % =y". Equation now reads
Equation now reads
xz'—z=0.
This is first-order equation. Its general solution is:
gz _ o In|z|=In|x|+In|C| = z=Cx.
z X

Next, integrate
2

y":CX — y':CJ.XdX+C2=CX?+C2.

3

, X? X
y =I{C?+C2}dx+C3:CE+CZX+C3.

Thus, the general solution is

2.5 Linear n-th order equations

Check if the following functions are linearly independent

Problem 1. X, e**,

Solution.
These functions are linearly dependent: e*=e. e**.

Problem 2. cosx, sinx.

Solution.
These functions are linearly independent, since the Wronskian
COSX  Sinx
W (y,(%), Yo(3)) =| =120,
—sinX COSX
Problem 3. 1, x, x°.
Solution.
These functions are linearly independent, since the Wronskian
1 x x°
W (%1(x),¥,(%), ¥3()) =0 1 2x/=2x"=0
0 0 2



on any interval.

Problem 4. 4—-x, 2x+3, 6x+8.

Solution.
These functions are linearly dependent, since the Wronskian equals zero.

Problem 5. eX, %, &%,

Solution.
These functions are linearly independent, since the Wronskian is not zero.

Problem 6. x, e*, xe*.

Solution.

Since

X ef xe*

W (¥2(X), Y2 (%), y5())=[1 &*  (L+x)e*|=(x—2)e”* =0
0 e (2+x)e*

on any interval, these functions are linearly independent.

Problem 7. 2%, 3%, 6*.

Solution.
Since

2 3 6*
W (Y1 (%), Y2 (%), y3())=| 2In2  3*In3  6*In6 |=
2*(In2)*> 3*(In3)®> 6*(In6)?

1 1 1
=36"-In2-In3-In6-| 1 1 1 (=0,
In2 In3 In6

these functions are linearly dependent.

Problem 8. cosx, sinx, sin2x.

Solution.
Since

W (y1(X), Y5(X), y3(x)) =—3sin2x =0,
these functions are linearly independent.



2.6 Linear second-order equations with constant coefficients

Problem 1. Solve equation

y"—-5y'—6y=0.
Solution.
The characteristic equation k? —5k —6 =0 has two real and distinct roots:
_|_
k12:5_\/25+24 k =1, k, =6.
' 2

Thus, the general solution is
y(X) = Cle6x + Cze_x .

Problem 2. Solve equation
y" —6y"+13y' =0.
Solution.
The characteristic equation k®—6k*+13k =0 has one real and two complex

conjugated roots:
+./26 —
o+ 326 52 =3+ 2i.

k(k?—6k+13)=0 = k=0, kys=

Thus, the general solution is
y(x) =C, +&>*(C,cos2x + Cy5sin 2x).

Problem 3. Solve equation
y@ _y=0.
Solution.

The characteristic equation k* —1=0 has two real and two complex conjugated
roots:

k?=1 = k=2 k’=-1 = kg, =4i.
Thus, the general solution is
y=Ce *+C,e" +Czcosx+Cysinx.

Problem 4. Solve equation
y4 +13y? 436y =0.
Solution.

The characteristic equation k*+13k?+36=0 has two pairs of complex
conjugated roots:

2, —13+\/1269—144 s

Thus, the general solution is



y =C,cos2x +C,sin2x+ C;c0s3x + C,Sin3x.

Problem 5. Solve equation

y"—5y"+6y=0.
Solution.
The characteristic equation k? —5k + 6 =0 has two real and distinct roots:
+ 4/ _

Thus, the general solution is
y(x) = Ce? +C,e®*.

Problem 6. Solve equation
y" —4y"+3y'=0.
Solution.
The characteristic equation k* —4k? + 3k =0 has three real and distinct roots:
k(k?-4k+3)=0 = k=0, ky _4xy16-12 M:{kz =1
2 ks =3.
Thus, the general solution is
y =C, +Ce* +Ce®.

Problem 7. Solve equation
y"+6y"+25y'=0.

Solution.
The characteristic equation k> +6k? +25k =0 has one real and two complex
conjugated roots:
—_R+ /36—
k(k?+6k+25)=0 = lky=0, kyy= 0% ?;6 100 _ 5.4

Thus, the general solution is
y =C, +e *(C,cos4x+C;sin4x).

Problem 8. Solve equation
y"+5y"=0.
Solution.
The characteristic equation k* +5k? =0 has three real roots:
k?’(k+5)=0 = k =-5, k,=ks=0.
Thus, the general solution is
y =C, +C,x+Cae ™.

Problem 9. Solve equation

yl”_3y”+3yl_y:0.

10



Solution.
The characteristic equation k* —3k? +3k —1=0 has repeated real root:
k®-3k?+3k-1=0 = (k-1°=0 = Kk =k,=k;=1.
Thus, the general solution is
y =e*(C, + Cox+ C3x?).

Problem 10. Solve equation
y® —8y@ _9gy=0.

Solution.
The characteristic equation k*—-8k®*—-9=0 has two real and two complex
conjugated roots:
k12,2 _ 8+\/624+36 )

Thus, the general solution is
y=Cee ¥ +Ce* +Cycosx+C,sinx.

Problem 11. Solve equation

y'+4y'+3y=0.
Solution.
The characteristic equation k? + 4k +3=0 has two real and distinct roots:
_A4+16 —

Thus, the general solution is
y = Cle_x + Cze_BX .

Problem 12. Solve equation
y'—=2y'=0.
Solution.
The characteristic equation k? — 2k =0 has two real and distinct roots:
k?-2k=k(k-2)=0 = k=0, k,=2.
Thus, the general solution is
y =C, +C,e**.

Problem 13. Solve equation
2y"-5y'+2y=0.
Solution.
The characteristic equation 2k? —5k +2 =0 has two real and distinct roots:

11



5++/25-16 1
o =" = =2 k=

Thus, the general solution is

Problem 14. Solve equation

y' =4y +5y=0.
Solution.
The characteristic equation k? — 4k +5=0 has complex conjugated roots:
—+ —
k=2 “126 20 o4,

Thus, the general solution is
y =e?*(C,cosx +C,sinx).

Problem 15. Solve equation
yW _ 8y — O )
Solution.

The characteristic equation k®—8=0 has one real and two complex conjugated
roots:

(k—2)(k2+2k+4):0 = k=2 k2,3:_2i\'24_16:—lii\/§.

Thus, the general solution is
y =Ce? +e7%(C, o5 X/3 + C45in x+/3).

Problem 16. Solve equation
y@ +4y=0.

Solution.

The characteristic equation k*+4=0 has two pairs of complex conjugated
roots:

Ko =1%i, Kksu=-1i.
Thus, the general solution is
y =e*(C,cosx+C,sinx)+e *(Cycosx+C,sinx).

Problem 17. Solve equation
y'—=2y'+y=0.
Solution.
The characteristic equation k? — 2k +1=0 has repeated real root:
k?—2k+1=(k-1)* = Kk =k,=1.
Thus, the general solution is
y=e*(C,+C,X).

12



Problem 18. Solve equation

4y"+4y'+y=0.
Solution.
The characteristic equation 4k +4k +1=0 has repeated real root:
2
4K2 + 4K +1=4(k +%j =k =k, :-%.

Thus, the general solution is
y=e"*2(C +Cyx).

Problem 19. Solve equation
y® _6y@ 1oy"=0.
Solution.
The characteristic equation k® —6k +9=0 has repeated real roots:
Ko—6k+9=k3(k=3)" = K =k,=k;=0, k,=kg=3.
Thus, the general solution is
y =C, +C,ox+Cyx? +e*(C, + Cyx).

Problem 20. Solve equation
y"-5y"+6y'=0.
Solution.
The characteristic equation k* —5k? + 6k =0 has three real and distinct roots:
5++/25-24 :{kz =2,
2

k3:3.

k(k?-Bk+6)=0 = k=0, kyz=

Thus, the general solution is

Problem 21. Solve IVP
y'+2y=0, y(0)=0, y'(0)=1.
Solution.
The characteristic equation k?>+2=0 has complex conjugated roots
ki, =++/2i . The general solution in real form is

y(X) = C,cos~/2x + C, sin~/2x.
Substitution of y(x) and y’(x) in the initial conditions gives
Cl = O,
\/ECZ :1,
which has the solution C, =0, C, =1/2.

13



Thus, the solution of IVP is

y(X) :%sin J2x.

Problem 22. Solve IVP
y"-y'=0, y(2)=1 y'(2)=0, y"(2)=0.
Solution.
The characteristic equation k® —k =0 has three real and distinct roots:
k®—k=k(k+1)(k-1)=0 = k=0, ky=1, ky=—1.
Thus, the general solution is
y(x)=C, +Ce* +Cae™™.

Substitution of y(x), y'(x) and y"(x) in the initial conditions gives
y(2)=C, +C,e? +Ce 2 =1,
y'(2)=Ce® —Cse 2 =0,

y"(2) =C,e” +Ce 2 =0,
which has the solution C, =1, C,=0, C,=0.

Thus, the solution of IVP is
y(x) =1.

Problem 23. Solve IVP
y"+4y'+5y=0, y(0)=-3, y'(0)=0.

Solution.
The characteristic equation k2 + 4k +5=0 has complex conjugated roots:
_A4+ —
k=2t V;G 20 _ o4,

Thus, the general solution is
y =e ?*(C,cosx +C,sinx).
Substitution of y(x) and y'(x) in the initial conditions gives
y(0)=C, =-3,
{y’(O) =-2C,+C, =0,
which has the solution C, =-3, C, =-6.
Thus, the solution of IVP is
y =—3e"2*(cos X + 2sin x) .

Inhomogeneous equations: Method of undetermined coefficients

Problem 1. Solve the equation
y"+6Yy +5y=25x>-2.
14



Solution.
The characteristic equation k? +6k +5=0 has the roots k, =1, k, =—5. These

roots are simple, thus the general solution of the homogeneous equation is

Y(x)=Ce ™ +Ce ",
The right side of the equation is a polynomial P,(x). So, function y(x)has to be
taken in the form

Y() =x"Q,(x)
where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be
determined), and the value of r equals the number of zero roots of the characteristic
equation. As we see, P,(X) =P, (X) = 25x% — 2, thus, we search the particular solution
as
V(x) =ax® +bx+c
(with r =0 - there is no roots k =0 of the characteristic equation) and a, b, ¢ will be
determined by substitution this y(x)and its derivatives into equation. It gives:
2a +12ax + 6b + 5ax’ + 5bx + 5¢ = 25x> — 2.

Next, equating the coefficients of the like terms at both sides of this equation gives

x°: 2a+6b+5c=-2,

x': 12a+5b=0,

x?: ba=25.
Fromhere a=5, b=-12, c=12, thus,

V(x) =5x* —12x +12.

Finally, the general solution of the given equation is
y(X) =Y (X) + y(x) =Cie™>* + Ce* +5x% —12x +12.

Problem 2. Solve the equation
y@ £ 3y"=9x2.
Solution.
The characteristic equation k*+3k? = kz(k2 + 3) =0 has double real root

ki, =0 and complex conjugated roots ks, =+/3i. Thus the general solution of the
homogeneous equation is

Y (x) :C1+C2x+C3cos\/§x+C4sin\/§x.
The right side of the equation is a polynomial P,(x). So, function y(x)has to be
taken in the form

Y(x) = x"Qy(x)

where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be
determined), and the value of r equals the number of zero roots of the characteristic
equation. As we see, P, (x) =P,(x) = 9x2, thus, we search the particular solution as

15



V(X) = x° (ax2 +bx + c)
(with r =2 — there are two zero roots, k =0, of the characteristic equation) and a, b,
¢ will be determined by substitution this y(x)and its derivatives into equation. It
gives:
24a +36ax? +18bx + 6¢ = 9x°.
Next, equating the coefficients of the like terms at both sides of this equation gives

x%: 24a+6c=0,
x': 18b =0,
x?: 36a=09.

Fromhere a=1/4, b=0, c=-1, thus,
4

_ X
V() =",
Finally, the general solution of the given equation is

4
y(x) =Y (x) + Y(X) :Cl+C2x+C3003\/§x+C4sin\/§x+X7_ X2

Problem 3. Solve the equation
y"+ 6y =5¢".
Solution.
The characteristic equation k?+6=0 has complex conjugated roots
ko= ++/6i . Thus the general solution of the homogeneous equation is

Y (x) = C, c0os+/6x + C, sin/6x.
The right side of the equation is a product of a polynomial P,(x)=P,(x)=5 and

e’* =¢*. So, function y(x)has to be taken in the form
y(x)=x"e"Q,(x)
where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be

determined), and the value of r equals the number of roots of the characteristic
equation equal to y. As we see, R, (x)=P,(x)=5, y=1 and since y #k;, we must

take r =0, therefore, we search the particular solution as

y(x) = ae*
Coefficient a will be determined by substitution this y(x)and its derivatives into
equation. It gives:

ae* +6e* =5e”.

Fromhere a=5/7, thus,

_ 5 &

y(x) _7e :

Finally, the general solution of the given equation is

16



y(X) =Y (X) + ¥(x) = C, c05~/6x + C, sin \/€x+gex.

Problem 4. Solve the equation
y"+6y +9y=10sinx.
Solution.
The characteristic equation k®+6k +9=(k+3)>=0 has repeated real root
ki, =—3. Thus the general solution of the homogeneous equation is

Y(X)= e_3"(C1 +C,X).
The particular solution y(x) has to be taken in the form
Y(x) =x"(AcosSx + Asin5x),

where A and B are coefficients to be determined, and the value of r equals the number
of roots of the characteristic equation equal to id.
Since 6 =1 and there is no root equal to i6 =1, thus r =0 and we search y(x)as

y(x) = Acosx + Bsinx.
Coefficient A and B will be determined by substitution this y(x)and its derivatives

Into equation. It gives:
—Acosx—Bsinx—6Asinx+6Bcosx+9Acosx +9Bsinx =10sin x.
Next, equating the coefficients of the like terms at both sides of this equation gives

cosx: —A+6B+9A=0,
{sinx: -B-6A+9B =10.
From here A=-0.6, B=0.8, thus,
y(x) =—0.6cosx +0.8sinx.
Finally, the general solution of the given equation is
y(x) =Y (x) + ¥(x) =e>*(C, + C,x) — 0.6cos x + 0.8sin x.

Problem 5. Solve the equation
d2x L
—2 - 2X = te .
dt

Solution.

The characteristic equation k?-2=0 has real and distinct roots ko= +/2.
Thus the general solution of the homogeneous equation is
X () =Ce ™2 +Cet2.
The right side of the equation is a product of a polynomial P,(t) and e”*. So, function
X (t) has to be taken in the form

X(t) =t"e”'Q, (1),
where Q,(t)is a polynomial having the same order as P,(t) (with coefficients to be
determined), and the value of r equals the number of roots of the characteristic

17



equation equal to y. As we see, R, (t)=PF(t)=t, y=-1 and since y #k;, we must
take r =0, therefore, we search the particular solution as
X(t)=e(at+b).
Coefficient a and b will be determined by substitution this X(t)and its derivatives
Into equation. It gives:
e'(at+b-2a-2at-2b)=te™.
Next, equating the coefficients of the like terms at both sides of this equation gives
{to: b—2a-2b=0,
t': a-2a=1.
From here a=-1, b=2, thus,
X(t)=e"(2-1).
Finally, the general solution of the given equation is
X(t) = X () + X(t) = Ce V% + C,e™2 + e (2 -1).

Problem 6. Solve the equation
y'=2y' =4(x+1).
Solution.
The characteristic equation k® —2k =k(k —2) =0 has two real roots k, =0 and
k, =2. Thus the general solution of the homogeneous equation is
Y (x) = C; + C,e?*.
The right side of the equation is a polynomial P,(x). So, function y(x)has to be
taken in the form
Y(x)=x"Qu(x),
where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be

determined), and the value of r equals the number of zero roots of the characteristic
equation. As we see, P, (x) = P (x) =4x+4, thus, we search the particular solution as

y(x)=x(ax+b)
with r=1 (one zero root, k, =0, of the characteristic equation) and a, b will be
determined by substitution this y(x)and its derivatives into equation. It gives:

2a—4ax—-2b=4x+4.
Next, equating the coefficients of the like terms at both sides of this equation gives

x’: 2a-2b=4,

x: —da=4.
From here a=-1, b=-3, thus,

V(x) = —x% —3x.

Finally, the general solution of the given equation is
y(x) =Y (x) + ¥(x) =C, + C,e?* —x? —3x.
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Problem 7. Solve the equation
y" -2y -3y =e**,
Solution.
The characteristic equation k?—-2k-3=0 has two real and distinct roots
k; =—1 and k, = 3. Thus the general solution of the homogeneous equation is
Y (x) =Ce ™ +Ce®*.
The right side of the equation is a product of a polynomial P,(x)=P,(x)=1 and

e’ =e**. So, the particular solution function y(x)has to be taken in the form
y(x) =x"e"Q, (%),
where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be

determined), and the value of r equals the number of roots of the characteristic
equation equal to y. As we see, y=4 and since y=k;, we must take r=0,

therefore, we search the particular solution as
V(%) =ae**.
Coefficient a will be determined by substitution this y(x)and its derivatives into
equation. It gives:
e**(16a—8a—3a) =e*".
From here a=1/5, thus,

Y=o
Finally, the general solution of the given equation is

y(X) =Y (X) + y(x) =Ce ™ + Ce** + %e“x :

Problem 8. Solve the equation
y' +y=4xe”.
Solution.
The characteristic equation k®+1=0 has complex conjugated roots ky, =i.
Thus the general solution of the homogeneous equation is
Y (x) =C,cosx+C,sinx.

The right side of the equation is a product of a polynomial P,(x) and e’*. So,
function y(x)has to be taken in the form

y(x)=x"e”Q,(x),
where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be
determined), and the value of r equals the number of roots of the characteristic
equation equal to y. As we see, P,(x)=P,(x)=4x, y=1and since y #k;, we must
take r =0, therefore, we search the particular solution as

y(x)=e*(ax+b).
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Coefficients a and b will be determined by substitution this y(x)and its derivatives
into equation. It gives:
e(ax+b+2a+ax+b)=4xe*.

Next, equating the coefficients of the like terms at both sides of this equation gives

{XO: 2a+2b=0,

x': 2a=4.

From here a=2, b=-2, thus,

y(X) =2e*(x-1).

Finally, the general solution of the given equation is
y(X) =Y (X) + Y(X) =C,cos X + C,sinx + 2e*(x —1).

Problem 9. Solve the equation
y'—y=2e*—x°.
Solution.
The characteristic equation k?-1=0 has two real and distinct roots k; =1,
k, =—1. Thus the general solution of the homogeneous equation is
Y(x)=Ce* +Cye ™.
The right side of the equation is a sum of two functions
f(x) = f,(x)+ f,(x) =2e* —x?,
so we’ll use the principle of superposition to obtain the particular solution to the
given equation.
First find the particular solution y;(x) of the equation
y"—y=2e"
The function y;(x) has to be taken in the form
V1 (X) = x"e”*Q, (x),
where Q,(x)is a polynomial having the same order as B, (x)=FR,(x)=2 and the
value of r equals the number of roots of the characteristic equation equal to y. As we
see, =1 and since y =k, we must take r =1, therefore, we search the particular
solution as
Y, (X) = axe”.
Coefficient a will be determined by substitution this y(x) and its derivatives into
equation. It gives:
e*(ax+2a—ax)=2e".
From here a =1, thus,

¥, (X) = xe*.
It remains to find the particular solution Yy, (x) of equation
y” —y= _XZ .
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The right side of this equation is the second-degree polynomial and there is no
roots k =0 of the characteristic equation, thus we search the particular solution in the
form

Vi (x) =ax® +bx+c.
Substitution of y,(x) and its derivatives into equation gives:
2a—ax?—bx—c=-x°.
From here a=1, b=0, c=2, thus,
Vo (x)=x% +2.
Finally, the general solution of the given equation is the sum
y(X) =Y (X) + V1 (X) + ¥, (X) = Ce* + Coe ™™ + xe* + x% + 2.

Problem 10. Solve the equation
y'+Yy —2y=3xe".
Solution.
The characteristic equation k?+k —2=0 has two real and distinct roots k, =1
and k, =—2. Thus the general solution of the homogeneous equation is

Y (x) = Cie* +C e ? .

The right side of the equation is a product of a polynomial P,(x) and e’*. So,
function y(x)has to be taken in the form

y(x) =x"e”Q, (x),
where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be
determined), and the value of r equals the number of roots of the characteristic
equation equal to y. As we see, P,(x)=PR,(x)=3x, y=1 and since y =k; we must
take r =1, therefore, we search the particular solution as

y(X) = xe*(ax +b).
Coefficients a and b will be determined by substitution this y(x)and its derivatives
into equation. It gives:

ex[xz(a+a—2a)+x(b+4a+b+2a—2b)+2b+2a+b]:3xex.

From here a=1/2, b=-1/3, thus,
Xx 1
y(x)=xe*| =—=|.
y(x) (2 3)
Finally, the general solution of the given equation is
1

y(X) =Y (X) + y(x) = C,e* + Cre > + xe* (g - §j :

Problem 11. Solve the equation

y"—3y'+2y=sinx.
Solution.
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The characteristic equation k* -3k +2=0 has two real and distinct roots k, =1
and k, = 2. Thus the general solution of the homogeneous equation is
Y (x) = Ce* +Ce**.
The particular solution y(x) has to be taken in the form
y(X) = X" (AcosSx + AsinX),
where A and B are coefficients to be determined, and the value of r equals the number

of roots of the characteristic equation equal to i¢. Since 6 =1 and there is no root
equal to io =i, thus r =0 and we search y(x)as

y(x) = Acosx + Bsinx.
Coefficient A and B will be determined by substitution this y(x)and its derivatives

Into equation. It gives:
—Acosx — Bsinx+ 3Asinx—3Bcosx + 2Acos x + 2Bsin x =sin x.
Next, equating the coefficients of the like terms at both sides of this equation gives

cosx: —A-3B+2A=0,
{sinx: -B+3A+2B=1.
From here A=0.3, B=0.1, thus,
y(x)=0.3cosx + 0.1sin x.
Finally, the general solution of the given equation is
y(x) =Y (X) + Y(x) = C,e* + C.,°* +0.3cos x + 0.1sin x.

Problem 12. Solve the equation
y'+y=4sinx.
Solution.
The characteristic equation k?+1=0 has complex conjugated roots Ky, =i.
Thus the general solution of the homogeneous equation is
Y (x) =C,cosx+C,sinx.

The particular solution y(x) has to be taken in the form

y(x) = x"(AcosSx + Asin5x),

where A and B are coefficients to be determined, and the value of r equals the number
of roots of the characteristic equation equal to id. Since 6 =1 and there is a root equal
to i =1, thus r =1 and we search y(x)as

y(x) = x(Acosx + Bsinx).
Coefficient A and B will be determined by substitution this y(x)and its derivatives

Into equation. It gives:
—X(Acosx + Bsinx) —2Asin x + 2Bcos x + X(Acos X + Bsin x) =4sin x.
From here A=-2, B=0, thus,
y(X) =—2XC0SX.

Finally, the general solution of the given equation is
y(X) =Y (X)+ ¥(x) =C,cosx+C,sin X —2XCOSX.
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Problem 13. Solve the equation
y"—3y'+ 2y =XC0SX.
Solution.
The characteristic equation k? —3k +2 =0 has two real and distinct roots k, =1
and k, = 2. Thus the general solution of the homogeneous equation is
Y (x) = Ce* +Ce*.
The right side of the equation has a form P (x)cosdx where B, (x) is polynomial
of the first order. So, the particular solution y(x)has to be taken in the form
Y(x) = x"[My(x)cosSx + Ny (x)sin5x],
where M,(x) and N;(x) are polynomials of the first order and the value of r equals

the number of roots of the characteristic equation equal to id. . Since 6 =1 and there
IS no root equal to i6 =1, thus r =0 and we search y(x)as

y(x) = (Ax+ B)cosx + (Cx+ D)sinx.
Coefficient A, B, C and D will be determined by substitution this y(x)and its
derivatives into equation. Differentiation of y(x)gives:
Y (X) =—(Ax + B)sinx+ Acosx + (Cx+ D)cosx +Csinx,
y'(X) =—(Ax+ B)cosx —2Asin X — (Cx + D)sin x + 2C cos X.

Substituting this in the given equation and equating the coefficients of the like
terms in both sides gives:

cosx: —-B+2C-3A-3D+2B=0,
sinx: —2A-D+3B-3C+2D=0,
xcosx: —A-3C+2A=1]
xsinx: —C+3A+2C=0.
Fromhere A=0.1, B=0.12, C=-0.3, D=-0.34, thus,
y(x)=(0.1x—-0.12)cos x — (0.3x + 0.34)sin x .
Finally, the general solution of the given equation is
y(X) =Y (X) + ¥(x) = Cie* + Ce™ +

+(0.1x—0.12)cos x — (0.3x + 0.34) sin x.

Problem 14. Solve the equation
y' +3y' —4y=e 4 xe7*.

Solution.

The characteristic equation k% +3k —4=0 has two real and distinct roots k=1,
k, =—4. Thus the general solution of the homogeneous equation is

Y (x)=Ce* +C,e*".
The right side of the equation is a sum of two functions
f(x)=f,(x)+ f,(x)=e ™+ xe 7%,
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so we’ll use the principle of superposition to obtain the particular solution to the
given equation.
First find the particular solution y;(x) of the equation

y'+3y' —4y =e ¥,
The function y;(x) has to be taken in the form

¥i(x) = x"e”Q, (x),
where Q,(x)is a polynomial having the same order as P, (x) = P,(x) =1 and the value
of r equals the number of roots of the characteristic equation equal to y. As we see,
y=—4 and since y =k, we must take r=1, therefore, we search the particular
solution as

¥y (x) = axe™.
Coefficient a will be determined by substitution this y(x) and its derivatives into
equation. It gives:
e **(—4a+16ax—4a+3a-12ax—4ax)=e"

From here a=-1/5, thus,

4X

— X _
7,00 = e,

It remains to find the particular solution Y, (x) of equation
y'+3y' —4y=xe".
The right side of the equation is a product of a polynomial P,(x) and e”*. So,
function Y, (x)has to be taken in the form
Y2 (%) = x"e”Qq (%),
where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be
determined), and the value of r equals the number of roots of the characteristic
equation equal to y. As we see, P,(x) =P, (x)=3, y=-1and since y #k;, we must
take r =0, therefore, we search the particular solution y,(x) as
V,(X)=e X (ax+h).
Coefficients a and b will be determined by substitution this y,(x)and its derivatives
into equation. It gives:
e *(ax+b—-2a—3ax—3b+3a—4ax—4b)=xe ™.

Substitution of y,(x) and its derivatives into equation gives:

2a—ax? —bx—c=-x°.

From here a=-1/6, b=-1/36, thus,
x 1
Vo(X)=—e7X| Z+—]|.
Y2(X) (6 36)
Finally, the general solution of the given equation is the sum

—X
y(x) =Y (X) + V,(X) + ¥, (x) = C,e* + C,e ™ —ée“‘x —%(x +%j
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Problem 15. Solve the equation
y"—4y'+8y =e** +sin2x.
Solution.

The characteristic equation k®>—4k+8=0 has complex conjugated roots
ki, =2+ 2i. Thus the general solution of the homogeneous equation is

Y (x) = e?*(C, cos2x + C,sin 2x).
The right side of the equation is a sum of two functions
f(x) = f,(x)+ f,(x) =e* +sin2x,

so we’ll use the principle of superposition to obtain the particular solution to the
given equation.

First find the particular solution y;(x) of the equation

y"—4y'+8y =e*.
The function y;(x) has to be taken in the form
V1 (X) = x"e”*Q, (x),
where Q,(x)is a polynomial having the same order as P, (x) = F(x) =1 and the value
of r equals the number of roots of the characteristic equation equal to y. As we see,
y=2 and since y=#k;, we must take r=0, therefore, we search the particular
solution as
¥, (x) = ae?*.
Coefficient a will be determined by substitution this y(x) and its derivatives into
equation. It gives:
e**(4a—8a+8a)=e" .
From here a=1/4=0.25, thus,
¥y (x) = 0.25e2%.
It remains to find the particular solution Yy, (x) of equation
y"—4y"+8y =sin2X.
The particular solution y,(x) has to be taken in the form
y(x) = x" (AcosSx + Asin 5x)

where A and B are coefficients to be determined, and the value of r equals the number

of roots of the characteristic equation equal to i6. Since 6 =2 and there is no root
equal to io = 2i, thus r =0 and we search y(x)as

Y, (X) = Acos2x + Bsin2x.
Coefficient A and B will be determined by substitution this y,(x) and its derivatives

Into equation. It gives:
—4Acos2x —4Bsin2x +8Asin2x —8Bcos2x +8Acos2x +8Bsin 2x =sin 2x.
Next, equating the coefficients of the like terms at both sides of this equation gives
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cos2x: —4A-8B+8A=0,
sin2x: —-4B+8A+8B=1.

From here A=0.1, B=0.05, thus,
Y, (x) =0.1cos2x +0.05sin 2x .

Finally, the general solution of the given equation is the sum
y(x) =Y (X) + ¥, (X) + ¥, (X) = **(C, cos 2x + C, sin 2x) +

+0.25e%* +0.1c0s 2X + 0.05sin 2x.

Problem 16. Solve the equation
y'+y=xsinx.
Solution.
The characteristic equation k®+1=0 has complex conjugated roots ky, =i.

Thus the general solution of the homogeneous equation is
Y (x) =C,cosx+C,sinx.
The right side of the equation has a form B (x)sinox where P, (x) is polynomial
of the first order. So, the particular solution y(x)has to be taken in the form
¥(x) =x"[My(x)cosSx + Ny (x)sin 5x],
where M,(x) and N,(x) are polynomials of the first order and the value of r equals

the number of roots of the characteristic equation equal to i¢. . Since 6 =1 and the
root k; =io =1, thus r =1 and we search y(x)as

¥(x) = x[(Ax + B)cos x + (Cx + D)sinx].
Coefficient A, B, C and D will be determined by substitution this y(x)and its
derivatives into equation. Differentiation of y(x)gives:

V(X) = (2Ax+ B +Cx° + Dx)cosx+(—Ax2 — Bx+ 2Cx + D)sin X,
V'(X) = [—sz +(4C —B)x+2A+ ZD]cosx +

+[—c:x2 —(4A+D)x—2B+ 2C]sin X.

Substituting this in the given equation and equating the coefficients of the like
terms in both sides gives:

cosx: 2A+2D =0,

sinx: —-2B+2C =0,
Xxcosx: B+4C -B =0,
xsinx: D-4A-D=1.

From here A:—%, B=0, C=0, D=%,thus,

y(x) = —X—Zcosx + Xsinx
4 4

Finally, the general solution of the given equation is
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G X
y(xX)=Y(X)+¥(x) = [Cl —TJ COS X + (CZ + Z)sin X.

Problem 17. Solve the equation

y" +4y +4y = xe**.
Solution.

The characteristic equation k? + 4k + 4 =0 has repeated real root ki, =—2. Thus
the general solution of the homogeneous equation is
Y (x) =e*(Cy +CyX).

The right side of the equation is a product of a polynomial P,(x) and e’*. So,
function y(x)has to be taken in the form

y(x)=x"e"Q,(x),
where Q, (x)is a polynomial having the same order as P,(x) (with coefficients to be
determined), and the value of r equals the number of roots of the characteristic
equation equal to y. As we see, B, (x)=R(x)=X, y=2 and since y =k, , we must
take r =0, therefore, we search the particular solution as

V(x) =e*(ax +b).
Coefficient a and b will be determined by substitution this y(x)and its derivatives
into equation. It gives:

e®* (4ax +4b + 4a +8ax +8b + 4a + 4ax + 4b) = xe**.

Next, equating the coefficients of the like terms at both sides of this equation gives

x’: 8a+16b=0,
x': 16a=1.
From here a=1/16, b=-1/32, thus,

v e[ X1
y(x)=e (16 32)'

Finally, the general solution of the given equation is
y(x) =Y (X) + (x) =e2*(C + C,x) + > M

32

Problem 18. Solve the equation
y" —5y' =3x% +sin5x.
Solution.
The characteristic equation k?> -5k =k(k —5)=0 has real and distinct roots
k; =0 and k, =5. Thus the general solution of the homogeneous equation is
Y (x)=C, +C,e>*.
The right side of the equation is a sum of two functions
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f(x)= f,(x)+ f,(x)=3x* +sin5x,

so we’ll use the principle of superposition to obtain the particular solution to the
given equation.

First find the particular solution y;(x) of the equation

y" =5y’ =3x2.

The right side of the equation is a polynomial P,(x). So, function y;(X) has to

be taken in the form
Vl(x) = XrQn (X) )

where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be
determined), and the value of r equals the number of zero roots of the characteristic
equation. As we see, P, (x) =PR,(x) = 3x2, thus, we search the particular solution as

Vi (X) = x(ax2 +bx + c)
(with r =1 — there is zero root, k; =0, of the characteristic equation) and a, b, ¢ will
be determined by substitution this y; (x) and its derivatives into equation. It gives:

6ax + 2b —15ax? —10bx — 5¢ = 3x°.
Next, equating the coefficients of the like terms at both sides of this equation gives

x: 2b-5¢=0,
x': 6a—-10b=0,
x>: —15a=3.

From here a=-0.2, b=-0.12, ¢ =-0.048, thus,
V(x) =—0.2x> —0.12x? — 0.048x .

It remains to find the particular solution Y, (x) of equation
y"—5y"=sin5x.
The particular solution y,(x) has to be taken in the form
y(x) = x"(AcosSx + Asin5x),
where A and B are coefficients to be determined, and the value of r equals the number
of roots of the characteristic equation equal to i6. Since 6 =5 and there is no root
equal to 10 =5i, thus r =0 and we search y(x)as
Y, (x) = Acos5x + Bsin5x.

Coefficient A and B will be determined by substitution this ¥, (x) and its derivatives

Into equation. It gives:
—25Ac0s5x — 25Bsin5x + 25Asin5x — 25B cos5x =sin5x.
Next, equating the coefficients of the like terms at both sides of this equation gives

cosbx: —25A-25B =0,
sin2x: —25B+25A=1.

From here A=0.02, B=-0.02, thus,
Y, (x) =0.02cos5x —0.02sin5x .
28



Finally, the general solution of the given equation is the sum
Y(X) =Y (X) + V(%) + V5(x) = Cy + C™ -
—0.2x% —0.12x* — 0.048x + 0.02(cos5x — sin 5x).

Problem 19. Solve the IVP
y'+y=4e*, y(0)=0, y'(0)=-3.
Solution.
The characteristic equation k?+1=0 has complex conjugated roots ky, =i,
Thus the general solution of the homogeneous equation is
Y (x)=C,cosx+C,sinx.
The right side of the equation is a product of a polynomial P,(x) =P,(x)=4 and

e”* =e*. So, function y(x)has to be taken in the form
y(x) =x"e”Q, (x),
where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be
determined), and the value of r equals the number of roots of the characteristic
equation equal to y. As we see, P,(x)=PFy(x)=4, y=1 and since y =k, we must
take r =0, therefore, we search the particular solution as
y(x) =ae*.
Coefficient a will be determined by substitution this y(x)and its derivatives into
equation. It gives:
ae* +ae” =4e*.
From here a=2, thus,
y(x) =2e*.
Finally, the general solution of the given equation is
y(X) =Y (X) + y(x) =C,cos x + C,sin x + 2e*.

Substituting y(x) and y'(x) =—C;sinx +C, cosx + 2e* in initial conditions
C,+2=0,
{Cz +2=-3,
gives C, =-2, C, =-5.
Thus the solution of the IVP is
y(X) =—2c0sx —5sin x + 2e*.
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Solution of IVP y(x)

0
T — T T X
-1 0.5 0 0.3 1 1.5 2

Fig. 1. The solution of the I\VP for Problem 19.

Problem 20. Solve the IVP
y'-2y'=2¢",  y()=-1 y'(©)=0.
Solution.
The characteristic equation k? -2k =k(k—2)=0 has real and distinct roots
k; =0 and k, =2. Thus the general solution of the homogeneous equation is
Y (x) = C, + C,e?*.
The right side of the equation is a product of a polynomial P,(x) =P,(x)=2 and

e’* =¢*. So, function y(x)has to be taken in the form
Y(X) =x"e”Q, (x),
where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be
determined), and the value of r equals the number of roots of the characteristic
equation equal to y. As we see, P,(x)=PFy(x)=4, y =1 and since y =k, , we must
take r =0, therefore, we search the particular solution as
y(X) =ae*.
Coefficient a will be determined by substitution this y(x)and its derivatives into
equation. It gives:
ae* —2ae* = 2¢e*.
From here a=-2, thus,
y(x) =—2¢”.
Finally, the general solution of the given equation is
y(x) =Y (x) + ¥(x) = C, + C,e?* — 2¢*.

Substituting y(x) and y'(x) = 2C,e** —2e* in initial conditions
C,+Cre’ —2e=-1,
2C,e% —2e=0,
gives C,=e-1, C, =1/e.
Thus the solution of the IVP is
y(x)=e* 1 —2e* +e—1.
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Solution of IVP y(x)

-1 0.3 0 0.5 1

Fig. 2. The solution of the I\VP for Problem 20.

Problem 21. Solve the IVP
y'+2y +2y=xe %, y(0)=y'(0)=0.
Solution.
The characteristic equation k?+2k+2=0 has complex conjugated roots
ki, ==1%1i. Thus the general solution of the homogeneous equation is
Y (x)=e(C,cosx+C,sinx).

The right side of the equation is a product of a polynomial P,(x) and e’*. So,
function y(x)has to be taken in the form

y(x) =x"e7Q, (x),
where Q, (x)is a polynomial having the same order as P,(x) (with coefficients to be

determined), and the value of r equals the number of roots of the characteristic
equation equal to y. As we see, B, (x)=P(x)=x, y=-1and since y #k; , we must

take r =0, therefore, we search the particular solution as
y(x)=e*(ax+b).

Coefficients a and b will be determined by substitution this y(x)and its derivatives
Into equation. It gives:

e [x(a—2a+2a)+b-2a—2b+2a+2b]=xe".
From here a=1, b=0, thus,

y(X) = xe .
Finally, the general solution of the given equation is
y(x) =Y (x) + ¥(x) =e7*(C,cosx + C,sinx) + xe ™.

Substituting y(x) and y'(x)=e*[cosx(C,—C;)-sinx(C,+Cy)+1-x] in

initial conditions
Cl = O,
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Thus the solution of the IVP is
y=e *(x-sinx).

Solution of IVP y(x)
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Fig. 3. The solution of the I\VP for Problem 21.

Problem 22. Solve the equation
y"—y=2sinXx—4cosx.

Solution.

The characteristic equation k?—1=(k +1)(k —1) =0 has real and distinct roots
k; =1 and k, =-1. Thus the general solution of the homogeneous equation is

Y(x)=Ce* +Cre ™.
The particular solution y(x) has to be taken in the form
y(x) = x"(AcosSx + Asinx),

where A and B are coefficients to be determined, and the value of r equals the number

of roots of the characteristic equation equal to id. Since 6 =1 and there is no root
equal to i0 =1, thus r =0 and we search y(x)as

y(X) = Acosx + Bsinx.
Coefficient A and B will be determined by substitution this y(x)and its derivatives

into equation. It gives:
—Acosx —Bsinx— Acosx —Bsinx=2sinx—4cosX.
Next, equating the coefficients of the like terms at both sides of this equation gives

cosx: —A-A=-4,
{sinx: -B-B=2
From here A=2, B=-1, thus,
y(X)=2cosx—sinXx.
Finally, the general solution of the given equation is
y(X) =Y (X)+y(X)=C;e* +C,e " +2cosx —sinx.

Problem 23. Solve the equation
y"+y=e*+cosx.
Solution.
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The characteristic equation k?+1=0 has complex conjugated roots ky, =i.
Thus the general solution of the homogeneous equation is
Y (x)=C,cosx+C,sinx.
The right side of the equation is a sum of two functions
f(x)= f(x) + f,(x) =e* +cosx,
so we’ll use the principle of superposition to obtain the particular solution to the
given equation.
First find the particular solution y;(x) of the equation
y'+y=e".
The function y;(x) has to be taken in the form
Vi (x) = x"e”Qy (%),
where Q,(x)is a polynomial having the same order as P, (x) = By(x) =1 and the value
of r equals the number of roots of the characteristic equation equal to y. As we see,
y=1 and since y =k, we must take r=0, therefore, we search the particular
solution as
Y, (X) = ae”.
Coefficient a will be determined by substitution this y(x) and its derivatives into
equation. It gives:

e“(a+a)=e".
From here a=1/2, thus,
_ 1
Yi(X) = Eex-
It remains to find the particular solution Yy, (x)of equation
y"+ Yy =COSX.

The particular solution y,(x) has to be taken in the form

¥,(x) = x"(Acosox + Asin 5x),

where A and B are coefficients to be determined, and the value of r equals the number
of roots of the characteristic equation equal to id. Since 6 =1 and there is a root equal
to i0 =1, thus r =1 and we search y(x)as

y(x) = x(Acosx + Bsinx).
Coefficient A and B will be determined by substitution this y,(x) and its derivatives

into equation. It gives:
coS X(AX + 2B — AX) +sin x(—Bx + Bx) = cos x.

From here A=0, B=1/2, thus,
_ X .
Y, (X) :Esm X.
Finally, the general solution of the given equation is the sum

Y=Y () + 7,0 + T, (X) =Clcosx+Czsinx+%(eX +xsinx).
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Problem 24. Solve the equation
y"+ Yy =COSX+ COS2X.

Solution.
The characteristic equation k?+1=0 has complex conjugated roots Ky, =i.
Thus the general solution of the homogeneous equation is
Y (x)=C,cosx+C,sinx.
The right side of the equation is a sum of two functions
f(x) = f;(x)+ f,(x) =cosx+cos2x,
so we’ll use the principle of superposition to obtain the particular solution to the

given equation.
First find the particular solution y;(x) of the equation

y"+y=COSX.
The function y;(X) has to be taken in the form
¥, (X) = x"(Acosox + Asin 5x),
where A and B are coefficients to be determined, and the value of r equals the number
of roots of the characteristic equation equal to id. Since 6 =1 and there is a root equal
to i0 =1, thus r =1 and we search y;(x) as
¥ (x) = x(Acosx + Bsinx).
Coefficient A and B will be determined by substitution this y;(x) and its derivatives

into equation. It gives:
coS X(AX + 2B — AX) +sin x(—Bx + Bx) = cos x.

From here A=0, B=1/2, thus,
V,(X) = Zsin x
1 2 .

It remains to find the particular solution Yy, (x)of equation
y"+y=C0s2X.
The particular solution y,(x) has to be taken in the form

¥, (X) = X" (AcosSx + Asin 5X),

where A and B are coefficients to be determined, and the value of r equals the number
of roots of the characteristic equation equal to i6. Since 6 =2 and there is no root
equal to io = 2i, thus r =0 and we search y(x)as

Y, (X) = Acos2x + Bsin2x.
Coefficient A and B will be determined by substitution this y,(x) and its derivatives

into equation. It gives:
—4Acos2x —4Bsin2x + Acos2x + Bsin2x = cos2X .
Next, equating the coefficients of the like terms at both sides of this equation gives

cos2x: —4A+A=1
sin2x: —-4B+B=0.
From here A=-1/3, B=0, thus,
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y(x)= —%cos 2X.
Finally, the general solution of the given equation is

y(x) =Y (x)+ y(X) :Clcosx+Czsinx+%xsin x—%cost.

Problem 25. Solve the equation
y(4) +2y"+y=COSX.
Solution.
2
The characteristic equation k* + 2k* +1= (k2 +1) =0 has two pairs of complex

conjugated roots k,, =i, ks, =—i. Thus the general solution of the homogeneous
equation is
Y (x) = (C, +C,x)cosx + (C5 + C,x)sin X.
The particular solution y(x)has to be taken in the form

¥V, (X) = x"(Acosx + Asin 5x)

where A and B are coefficients to be determined, and the value of r equals the number
of roots of the characteristic equation equal to id. Since 6 =1 and there are two roots
equal to i =1, thus r =2 and we search y(x)as

¥(x) = x*(Acosx + Bsinx).
Coefficient A and B will be determined by substitution this y(x)and its
derivatives into equation. Differentiation of y(x)gives:

V'(x) = cos x(ZAx + Bx2)+ sin x(—Ax2 + ZBx) ,

V() :cosx(2A+ 4BX — Ax2)+sin x(—4Ax+2B - sz),

v"(X) :cosx(6B —BAX— Bx2)+sin x(—6A—6Bx+ AXC),

v (x) = cos x(—12A—8|3x+ Ax2)+sin x(—lZB +8AX + Bx2),

Substituting this in the given equation and equating the coefficients of the like

terms in both sides gives A= —%, B=0. Thus,

2

_ X
X)=——C0SX.

y(X) 2

Finally, the general solution of the given equation is
2

Y(X) =Y (X) + T(X) = (C, + C,X) c0s X+ (C; + C,X)sin x—%cos X

Problem 26. Solve the IVP
y'—4y=sin2x, y(0)=0, y'(0)=0.
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Solution.
The characteristic equation k? —4 = (k —2)(k +2) =0 has real and distinct roots
k=2, k, =—2. Thus the general solution of the homogeneous equation is
Y (x) =Ce™ +Cre .
The particular solution y(x) has to be taken in the form
y(X) = X" (AcosSx + Asin5X),

where A and B are coefficients to be determined, and the value of r equals the number
of roots of the characteristic equation equal to i6. Since 6 =2 and there is no root
equal to io = 2i, thus r =0 and we search y(x)as

y(x) = Acos2x + Bsin2x.
Coefficient A and B will be determined by substitution this y(x) and its derivatives

into equation. It gives:
—4Ac0s2x —4Bsin2x —4Acos2x —4Bsin2x =sin 2x.
Next, equating the coefficients of the like terms at both sides of this equation gives

cos2x: —4A+4A=0,
sin2x: —-4B-4B=1.
From here A=0, B=-1/8, thus,

y(X) = —ésin 2X.
Finally, the general solution of the given equation is
y(x) =Y (X) + y(x) = C,e?* + C,e 2 —%Sin 2X.

Substituting y(x) and y'(x) = 2C,e** —2C,e " —%coszx in initial conditions

C]. + C2 = 0,
1
2C, —-2C, —==0,
1 2 4
gives C, =1/16, C, =-1/16.
Thus the solution of the IVP is

_1 2X —2X :
y(x)—E(e —e —23|n2x).
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Solution of IVP y(x)

T I I =X
0 05 1 13 2

Fig. 4. The solution of the I\VP for Problem 26.

Problem 27. Solve the IVP
y'-y=xy(0)=1 y'(0)=-1.

Solution.

The characteristic equation k?—1=(k —1)(k +1) =0 has real and distinct roots
k; =1, k, =—1. Thus the general solution of the homogeneous equation is

Y(x)=Ce* +Cre ™.

The right side of the equation is a polynomial P,(x). So, function y(x)has to be

taken in the form
Y(x) =X"Qy(x),

where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be

determined), and the value of r equals the number of zero roots of the characteristic
equation. As we see, P, (x) =P, (x) = x, thus, we search the particular solution as

y(X)=ax+b
(with r =0 - no zero roots the characteristic equation) and a, b will be determined by
substitution this y(x)and its derivatives into equation. It gives:

—ax—b=x.
From here a=-1, b=0, thus,

y(X) =—X.
Finally, the general solution of the given equation is
y(X)=Y(X)+y(X)=C* +C,e " —X.

Substituting y(x) and y’(x) =C,e* —C,e™* —1 in initial conditions
C +C, =1
{cl ~C,-1=-1,
gives C,=1/2, C, =1/2.
Thus the solution of the IVP is
X —X

e’ +e
—X=c0shx—X.

y(x) =
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2 Solution of IVP y(x)

1_
US—\
0.6
I | I =X
1] 035 1 1.5 2

Fig. 5. The solution of the I\VP for Problem 27.

Problem 28. Solve the IVP
Y +4y' +4y=3e72% y(0)=0, y'(0)=0.
Solution.
The characteristic equation k?+4k+4=(k+2)>=0 has repeated root
ky , =—2. Thus the general solution of the homogeneous equation is

Y(x) =e(C, +xC,).

The right side of the equation is a product of a polynomial P,(x) and e”*. So,
function y(x)has to be taken in the form

y(x) =x"e7Q, (x),
where Q,(x)is a polynomial having the same order as P,(x) (with coefficients to be

determined), and the value of r equals the number of roots of the characteristic
equation equal to y. As we see, B, (Xx) =Fy(x)=3, y=-2 and since y =k;, we must

take r = 2, therefore, we search the particular solution as
V(x) = ax’e .
Coefficients a and b will be determined by substitution this y(x)and its derivatives
Into equation. It gives:
e 2 [4ax2 —8ax + 2a —8ax® + 8ax + 4ax2] =3,

From here a=3/2, thus,
V(X) :gxze‘zx .
Finally, the general solution of the given equation is

y(X) =Y (X) + Y(x) =e > (Cl +xC, +gx2).

Substituting y(x) and y’(x)=e‘2x(—2C1+C2—2xC2—3x2+3x) in initial
conditions
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C]. :0,
gives C; =0, C,=0.

Thus the solution of the IVP is

Solution of IVP y(x)

013+
0.1+

0,03

=X

| I I [
0 0.3 1 13 2

Fig. 6. The solution of the I\VP for Problem 28.

Problem 29. Solve the equation
X2y"—xy'+y=0.

Solution.

The given equation is the Euler equation. Search solution in the form y = x*.
Substituting in the given equation and canceling x*, we obtain the equation for k

k(k-1D)-k+1=(k-1)°=0

which has repeated root: k , =1.

Thus, y, =X, Y, = xIn|x| and the general solution is

y =xX(C,+C,In|x]).

Problem 30. Solve the equation
X°y" —4xy'+6y=0.
Solution.
The given equation is the Euler equation. Search solution in the form y = x*.

Substituting in the given equation and canceling x*, we obtain the equation for k
k(k-1)-4k+6=0

which has two roots: k, =2, k, =3.
Thus, y, =x*, y, = x* and the general solution is
y =Cx*+C,x%,

Problem 31. Solve the equation
X°y"—xy' =3y =0.
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Solution.
The given equation is the Euler equation. Search solution in the form y = x*.

Substituting in the given equation and canceling x*, we obtain the equation for k
k(k-1)-2k-3=0

which has two roots: k, =-1, k, =3.
Thus, y, =x*, y, = x® and the general solution is
y=Cx " +C,x°.

Problem 32. Solve the equation

Xy"+xy' —y=0.

Solution.
The given equation is the Euler equation. Search solution in the form y = x*.
Substituting in the given equation and canceling x*, we obtain the equation for k
k(k-1)(k-2)+k-1=(k-1°=0
which has repeated root: Kk, , =1.
Thus, y, =X, y, =xIn|x|, y;=xIn
y= x(Cl +C, In|x|+C, In? |x|)

?|x| and the general solution is
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