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Chapter 2

Geometrical and Numerical Methods
for First-Order Equations
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17. y =z +y
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20. y =22(y+1)
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2.2. EXISTENCE AND UNIQUENESS FOR FIRST-ORDER EQUATIONS 65

2.2

1.

10.

Existence and Uniqueness for First-Order Equations

3]
Yy =y?—a2, y(0)=0, f =y? — 22, a—ch = 2y. The theorem guarantees

that a solution exists and is unique on some interval.

3]
Yy =a%—y? y0) =1, f = 2% —y?, a—i = —2y. The theorem guarantees

that a solution exists and is unique on some interval.

1 0
y =y -2 y0) =0, f= ? — 2, 8—5 = —y 3. The theorem does

not guarantee that a solution exists or is unique on some interval.

0
y =xzlny, y(1) =1, f =zlny, a—g = & The theorem guarantees that

a solution exists and is unique on some interval (y # 0).

1 af

1
.y’:y—%ff y(1) =0, f =y+ ——, == = 1. The theorem does

1 1—2’ dy
not guarantee that a solution exists or is unique on some interval.

3]
y =eY+cescx, y(0) =0, f =e¥ +csca, or = ¢¥. The theorem does

dy

not guarantee that a solution exists or is unique on some interval.

0 2
f(z,y) = 3x(y +2)%/3, 8—5 = m, which is discontinuous when
y = —2, so a solution exists and is unique everywhere except possibly
along y = —2.
of 4

3 gxy(*l/ 3) which is not continuous at y = 0. Hence a solution
Y
exists and is unique everywhere except possibly along y = 0.

Actual solution: y = 926—7 This solution crosses y = 0 when x = 0.

0 -1
flz,y) = (x —y)V/°, Bif = W, which is discontinuous when
Y -y

y = x, so solutions exist and are unique everywhere except possibly

—y) 0 1
along y = x. Alternatively, f(z,y) = Q, 6—f =580 solutions
Y
exist and are unique everywhere.
of (2/3) 1.0 . .
i 2z which, along with f(z,y), are continuous everywhere. Hence
Y

solution exists and is unique.
Actual solution: y = 0.
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11.

12.

13.

14.

15.

16.

Section 2.2

of
2, —1 2, —

T,Yy) = @ , = = —X
fz,y) VT 3, y
y = 0, so solutions exist and are unique everywhere except possibly
along y = 0.

2. which are both discontinuous when

0 2 5

6—f = fgxy(*‘)/g’) which is not continuous at y = 0. Hence a solution
Y

exists and is unique everywhere except possibly along y = 0.

3/5
5
Actual solution: y = (6) #(/5) This solution crosses y = 0 when

x=0.

of -2
z,y) = (z+y)~2, == = ———, which are both discontinuous when
Flam) = ()2 G = o whi iscontinuous w
y = —x, so solutions exist and are unique everywhere except possibly
along y = —ux.
of 2

i gazy(*l/?’) which is not continuous at y = 0. Hence a solution
Y
exists and is unique everywhere except possibly along y = 0.

Actual solution: y = 2961—6 which crosses y = 0 when =z = 0.

dy 3

f(z,y) = 5(y — 2)3/5 and y(0) = 2. @ = m is discontinuous

when y = 2, so solutions exist and are unique everywhere except possibly
along y = 2. Solving for the initial value,

v =52 = [-27 ay= [5ds

)
:>§(y—2)2/5:5x—|—6'

Applying initial conditions,
5

5(2—2)2/5=5(0)+C;»C:0

= (y—2)%° =2z =y — 2= +(22)"/?
=y =24 (2z)%?
Solutions passing through (0,2) are NOT unique.

of

v —2xy~3 which is continuous everywhere except y = 0, so solutions
Y
exist and are unique everywhere except possibly along y = 0.
1/3
-3 a2?
Actual solution: (2 + 2)
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2.83. FIRST-ORDER AUTONOMOUS EQUATIONS—GEOMETRICAL INSIGHT 67

of 1
17. f(z,y) = 24/y is continuous for y > 0 and == = — is continuous
v 9y \Vy
for y > 0. Hence, by the theorem, a solution exists and is unique for
y(1) = 3.
Actual solution is given by: y = (z 4+ V3 — 1)%.
8f (1/3) . . . .
18. Pk (—2y) which is continuous everywhere (as is f), therefore,
Y
unique solution will exist everywhere.
of _ (=2/3) o ~ 1 <
19. e (y—1) which is continuous everywhere except y = 1, so
Y
solutions exist and are unique everywhere except possibly along y = 1.
Actual solution: 1+ 2v/22/2)
af . . .
20. f(z,y) and 5, e not continuous at y = 1, so solutions exist and are
Y
unique everywhere except possibly along y = 1.
Actual solution: y = 1 + /3 — 3 cos z which IS unique.
of . .
21. M DNE at y = 0; if y > 0, then %f =1 and if y < 0, then %f = —1.
Hence,

— = lim
Oy  h—0 h
and be unique except possibly at y = 0.

If y > 0, y = e“e® which will never be 0. If y < 0, y = —e“e™ which
will never be 0. Thus, the only solution to this DE is y = 0 which IS
unique.

DNE. Therefore, the solutions will exist

2.3 First-Order Autonomous Equations—Geometrical In-

sight
Ly =2y+3
Root y = —%
Multiplicity 1
(i) y — y'-plane; see graph
(ii) By the phase line diagram, y = —% is an unstable equilibrium

point.

(iil) y > -2,y 200 asz — 0
Yy< -5,y > —X0as T — X

K14712_SM_Cover.indd 77
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68

(iv) zy-plane; see graph

Section 2.3

2.3.1(1) 2.3.1(iv)
y' 3
8 2
6 1
4 ‘
-3 -2 -1 1 2 3
2
/ / %
-3 -l 12 d >
-2 3
2.y =-3y+2
Root Y = é

(i) y — y'-plane; see graph

Multiplicity 1

(ii) By the phase line diagram, y = % is a stable equilibrium point.

(iii) y<2,y—>§asx—>oo
Y>35,y —>35a8x =00

(iv) ay-plane; see graph

2.3.2(1) 2.3.2(iv)
y' 3
8 2
6
-3 =2
2\
A ¢
=3 =2 -1 4 1 AN 2 3 y
-2

3.0/ =at—a—6=(r - 3)(x+2)

(i) y — v/-plane; see graph
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(ii) = = —2 is a stable equilibrium

x = 3 is an unstable equilibrium

If -2 < 29 < 3, then z(t) - —3 as t — oo.
If 9 < —2, then x(t) — —3 as t — oo.

(iii) If xo > 3, then x(t) — oo as t — oo.

(iv) zy-plane; see graph

2.3.3(iv)

2.3.3(i)

lem AN~
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4. ' = z(x + 2)(z — 3)

—

Equilibrium | Multiplicity

Highest power and coefficient: x(+z)(+x) = +23

plane; see graph

i) y—v-

,3 unstable; x = 0 stable

(i) == —2
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5.9 =y +4y+4, 92 +4y+4=0,(y+2)2=0

Root

Multiplicity

End behavior: y?2

(i) y — v/-plane; see graph

(ii) By the phase line diagram, y = —2 is a half-stable equilibrium

point.

Q 3
1+ T
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Root
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7.

Section 2.3

End behavior: —y?

(i) y — y/-plane; see graph

71

(ii) By the phase line diagram, y = 0 is a half-stable equilibrium point.

(iii) Fory >0,y > 0 as x

— OQ.

For y <0, y - —oco as ¢ — oo.

(iv) zy-plane; see graph

2.3.6(1)
y|
V4 l
-3 -2 M-l 1 N2 3
-1
-2
-3
-4
Y =y’ (2-y)
i Equilibrium | Multiplicity
y=0 2
y=2 1

Highest power and coefficient: y?(—y) = —y

(i) y — y'-plane; see graph

3

(ii) y = 0 is a half-stable point; y = 2 is a stable point.

(iii) For y € (—00,0), y — 0 as z — oo.
For y € (0,00), y — 2 as * — 00

(iv) ay-plane; see graph
2.3.5(i)

2.3.5(iv)

05/11/14 5:12PM
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¥
3
2
1
32 7 1
-1
8. ¥ =y—1)7(y—2°(1+y)

Section 2.3
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TEquilibrium [ 1] 2] —1

Multiplicity |2 | 3| 1

Highest power and coefficient: (y)?(y)3(+y) = +¢°

(i) y — v'-plane; see graph

(ii) y = —1 is stable; y = 1 is half-stable; y = 2 is unstable.

(iii) If yo > 2, then y — oo as x — 0.
If 1 <yy <2, theny — 1 asx — co.
If -1 <yg<1, theny - —1as x — oco.
If yo < —1, then y — —1 as x — oo.

(iv) ay-plane; see graph
2.3.8(1)

2.3. 8(iv)
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I Equilibrium | 2 | =3 | 3
Multiplicity [ 3| 1 |1
Highest power coefficient: (y)3(y?) = +y°
(i) y — 9/'-plane; see graph
(ii) y = —3, 3 unstable, y = 2 stable
(iii) For yp € (=00, —3), y — —00 as £ — o©
For yp € (—3,3),y > 2as & — o0
For yp € (3,00), y — 00 as £ — 00
(iv) zy-plane; see graph
2.3.9(1) 2.3.9(iv)
y CUEr b i
i R A IR ARy
3 N
2 TITITTIT I I/
Y IO A A B A B A B A O A A
1 AERRRRERERRE AR ERRRRERE
( WS y ST
S VAR
-1 ERRREEREERRE RRRRRRRRRERE
AU
-2 EERRREREERE: ARRRRRR RN
EERRRERREREE ARERERRRR RN
-3
RERRRRRRARE HH}H]HH
-4 ERRRRERREREUARERER R RN
10. 4/ =cosy+1, 21 <y < 2w cosy+1=0, cosy = —1.
Roots y=—-m|y=m
Multiplicity 1 1
End behavior: cosine wave
(i) y — y'-plane; see graph
(ii) By the phase line diagram, y = —7 is a half-stable equilibrium

point. y = m is a half-stable equilibrium point.

(iii) For y > 7, y — o0 as & — 0.
For -m <y <m y—masz— oo.
Fory< —m y— —masz— .
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(iv) zy-plane;see graph

2.3.10(i) 2.3.10(iv)
.
|
* 2
-6 -4 -2 2 4 6
-2

11. ¢ =siny, 27 <y < 2w

siny =0, —27 <y <27

Roots y=—-n|y=0|y=7
Multiplicity 1 1 1

End behavior: trigonometric sine wave

(i) y — y'-plane; see graph

(ii) By the phase line diagram, y = —m is a stable equilibrium point.
y = 0 is an unstable equilibrium point.
y = m is a stable equilibrium point.

(iii) Fory > m, y = mas ¢ — oo
ForO<y<my—masz — 00
For -m<y<0,y— —masz — o
Fory<-—-my— -—-masz —
(iv) zy-plane; see graph
2.3.11(i) 2.3.11(iv)

y
1

05/11/14 5:12PM
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;. k e . - _gm
12. v' = g — v. Equilibrium satisfies g — (k/m)v =0, so v = =

(i) v—2 plane see graph

)
(il) v = 7 is a stable equilibrium point.
(iii) For v € [0,00), v — £ as t — oo

)

(iv) Figures will vary. See graph with g = 32, m = .25, k = 2 as in example 2 in 1.3.

A\

2.3.12(i) 2.3.12(1V)
' 6
v s
] T
R R RN R R R RN
HHEHTHETHE T
. \>\\\\\\\\\\\\\\\\\\\\\\\\\\\\
g
rerrrrrrrrrrrrrrrrerrrrrrr
freererrrrerrrrrrrerrrrrrrn
gprlrrrrrerrrerrrrrrrrerrrrr
reerrrererrrrrrerrrtrrrrt
FECTEEL et |
T

/
a
km
1 2 3 4 5 6
k.2

13. v/ = g — £¢?. Equilibrium satisfies g — (k/m)v? = 0, so v* = gm/k
yields v = +4/gm/k. Note that this is a free-fall problem where v > 0
in the downward direction. We thus ignore v < 0.

(i) Graphs will vary

(ii) 4/ % is a stable equilibrium point

(iii) For v € [0,00), v = ++/gm/k as t = oo
(iv) Graphs will vary
4. 2/ = (2—-2)3(22+4), 2—-2)3@?+4) =0

[\

Roots +24
Multiplicity | 3 | ignore

End behavior: (—z)3(2?) = —2°
(i) x — z’-plane; see graph
(ii) By the phase line diagram, x = 2 is a stable equilibrium point.

(i) For x > 2, » 2 as t — oo.
For x < -2, - 2 ast — oo.

K14712_SM_Cover.indd 85 05/11/14 5:12PM



Section 2.3

76

=
o
N4
Y
&N
<
= w2
Mla. -
b /
8 —
®
g~ o
B 2
-y
e -
]
A
—
>
1=
N3t

Root

Multiplicity | 3

Highest power and coefficient: (—y)3(y?)? = —y*

(i) x — 2’-plane; see graph

(ii) By the phase line diagram, y = 2 is a stable equilibrium point.

(iii) If yo < 2, then y — 2 as z — oo.

If yo > 2, then y — 2 as ¢ — oc.

2.3.15(iv)

(iv) ta-plane; see graph

16. v = —y*(4 - y)(9 — »?)

05/11/14 5:12PM ‘
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Roots 0143 -3
Multiplicity | 2 | 1

—
—_

Highest power and coefficient: —y?(—y)(—y?) = —y°

(i) o — a'-plane; see graph
(ii) y = —3,4 are stable; y = 0 is half-stable; y = 3 is unstable.
(iii) Ifyg < =3, y — —3 as x — oo.
If 3<yg<0,y—>—3asz— o0.
Ifo<z<3,y—0asx— oo

If3<z<4, y—>4asxz— oo
Ifx >4, y—4aszxz— oco.

(iv) tz-plane; see graph
2.3.16(i) 2.3.16(iv)

X

20

— )

17. 2’ =251 —2)(1 — 23), 25(1 —2)(1 —23) = 0

o
—

I Roots two normal
Multiplicity | 5 | 2 ignore

End behavior: 2°(—z)(—2%) = 2°

(i) x — 2’-plane; see graph
(ii) By the phase line diagram, = 1 is a half-stable equilibrium point;
= ( is an unstable equilibrium point.
(iii) For x > 1, — 0o as t — oo.
ForO<z <1, —1ast— oo.
For z < 0, - —o0 as t — oo.
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(iv) ta-plane; see graph
2.3.17(1)

%'

0.5 1.5 2

3

2.3.17(iv)

3

rerrrrrrrrd
S S

rlhrrbrrrrnd

S S S S S

A\
2
i

18. ' = z(x —3)(1+23)(1 —2?)%, 2(x —3)(1 + 23)(1 —22)2 =0

Roots 03

—1 | two non-real | 1

Multiplicity | 1| 1

1 ignore

End behavior: x(x)(z3)(—22)? = 2°

(i) x — 2’-plane; see graph

(ii) By the phase line diagram, x = 3 is an unstable equilibrium point;
x = 1 is a half-stable equilibrium point; x = 0 is a stable equilib-
rium point; x = —1 is an unstable equilibrium point.

(i) If x > 3, = oo as t — 0.
Ifl<z<3, —1last— oo
If0<ax<l1l, —0ast— oo
If-1<z<0,—-0ast— oco.
Ifz < -1, 5 —c0c ast — oo.

(iv) ta-plane; see graph
2.3.18(i)

2.3.18(iv)
LAY \
A NSNS NSNS

AN N, SN N NN NNNNN
AN OONNONNONNNNN
=3RS S AN S S Y

S S S S

P

LSS S S S

B
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19. o’ = 22(1 — 22)3(2? — 1), 22(1 — 22)3 (2?2 - 1) =0

Roots 0
Multiplicity | 2

oI
[a—

End behavior: 2?(—z)3(2?) = —27

(i) x — z’-plane; see graph

(ii) By the phase line diagram, = 1 is a stable equilibrium point; x =
% is an unstable equilibrium point; x = —1 is a stable equilibrium
point.

(iii) Ifx > 1, > 1 as t — oo.

If%<x<17—>1ast—>oo.
If—1<x<%,—>—1ast—>oo.
Ifx<-1,——1last— oco.

(iv) tz-plane; see graph

2.3.19(i) 2.3.19(iv)

x' B
e LAY

0106 .
01,04 = ‘ ‘ ‘
15 T 23
\ AERERERRARLS: TRRUERRARAEN
VRPACE 18 v, AR R AR ANRR Y, EARRRRA
4o T

20. 2/ = 23(2? +5)(z — 4)*(z +5)
TRoots 04| -5

Multiplicity | 3 |2 | 1

End behavior: z3z2z%z = 28

(i) x — 2’-plane; see graph

(ii) By the phase line diagram, x = 1 is a stable equilibrium point; =
% is an unstable equilibrium point; x = —1 is a stable equilibrium

point.
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I
12le=
o T= &
T -1 =
—_ o0
R
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-
-
-

-
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““““““
““““““
““““““

-

““““““
““““““
““““““
““““““
““““““
““““““
““““““
““““““

-

X

= —2 = Stable

2 = Unstablef’(1)

21 y* = %1, f'(y) = -2y, f'(-1)
22. y* ==+£1, f'(y) = -2y, f'(-1)

= —2 = Stable

2 = Unstablef’(1)

3 = Unstable

3y27 f/(i]‘)
73y27 f/(o)

line diagram, y* = 0 is stable.

2. y"=-1, f'(y)

24. y* =0, f'(y)

0 = Inconclusive. However, from the phase

7"-|-y2

/

(a) y

25.

-0.5

-0.5

r<0,r=0,r>0

25: Phase line for ¢/ = r +y? :
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26.

27.

Section 2.3

.,
........ 0.4
........
el
..... v

. 0.2 A

.,
.
o

-0.20 —-0.15 —-0.10 —-0.05
»

—0.2 1
—0.4

25: Saddlenode bifurcation for 3 = r + y?

() ¥ =1-r+y’

81

.

1
/ ¥y 05 ¥y 05

-0.5

0.5 -1 -0.5 0. 0.5 1=l -0.5 0 0.5
y y y

-0.5

1 1

26: Phase line fory/ =1 —r+y?: r<1,r=1,r>1

----
o4l e
-----
-----
.
0.2+ .t
..
.
.
.
Y 0]
1.05 1.10 1.15 1.20
v
—0.2
—0.44

26: Saddlenode bifurcation for ¢/ = 1 — r + 32

(a) v =ry+y°
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0.4

Section 2.3

0.4

0.2

0.4

0.2

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 05 0.5
-02 -02 -0.2
-0.4 -0.4 -0.4
27: Phase line for 4/ = ry4+4?: r <0, r=0, r >0
\\ 0.4
Yy
\oz
-1 —-0.5 o 0.5 1
”
—-0.2 1
—0.4l
27: Transcritical bifurcation for ¢/ = ry + y?
28. (a) ¥ =ry—y°
()Y =ry—vy
v’ Yy’ y’
0.4
0.2
Yy
-sqrt r sqrt r -5 -1 -0.5 5 1 1.5 -sqit r sqr!
-0.2
-0.4
28a: Phase line for y/ =ry —¢y>: 7 <0, r=0, r >0
1.5
-
-
0.5 41
-1 —-0.5 o 0.5 1
”
“o.5]
1]
s
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28a: Pitchfork bifurcation for 3 = ry — 3
(b) ¥ =ry+y°

0.4
N / °-2|
Yy - - - Yy
Tsaft saft r 1.5 1 0. 0.5 1 1.5
-0.2
-0.4

y

-sqrt r sqrt r

28b: Phaseline for y’ :ry+y3: r<0,r=—1r>0
1.5 7
~— 1
\\ v
\\0_5,
-1 —-0.5 0.5 1
<5 ,
///
— -1

28b: Pitchfork bifurcation for y/ = ry + y3

29. If we Taylor expand the function about y* and keep the lowest order
non-zero term, we see that we have ' = f(3)(y*)y3 as the approximate
solution near the equilibrium point. Phase line analysis then shows the
equilibrium point is stable.

2.4 Modeling in Population Biology

1. (a) x =0 is half-stable, z = 1 is stable. For logistic equation, = 0 is
unstable and x = k is stable. Yes, the are different.

(b) For small z, logistic model growth is larger.
2. x =0 - Stable, x = 1 - Unstable, x = 6 - Stable
3. x =0 - Stable, x = 2 - Unstable, x = 10 - Stable

-

(a) x =0 - Half-stable, x = 2 - Unstable, z = 7 - Stable
(b) For small z, Allee effect model has larger growth rate.

5. (a) z =0 - Half-stable, z = 1 - Unstable, x = 4 - Stable
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(b)
6. (a)

(b)
(c)

—
¢
~

Section 2.4

For small x, Allee effect model has larger growth rate.

Exponential growth - Unlimited growth rate. No limitations placed
on organisms.

Logistic model - Growth rate dependent on factors such as popu-
lation amount or food availability.

Allee effect - Growth rate dependent on factors such as population
amount or food availability as well as a sufficient population to
sustain itself.

x = 0 - Unstable, x = a - Stable, x = 5 - Unstable
For xy > 5, bacteria grows uninhibited.

The parameter a could represent the strength of the immune system
or ability of the body to fight off the given bacteria. A healthy
person would likely have an a-value that is closer to 0 than to 5
because the lower value of a represents a lower value of the bacteria
(that is stable).

For a > 0,

x = 0 - Unstable

x =5 —+/a - Stable

x =5+ +/a - Unstable
x = 10 - Stable

For a =0,
x = 0 - Unstable
x = 5 - Half-stable

x = 10 - Stable
For a < 0,

x = 0 - Unstable
x = 10 - Stable

Saddle-node

Bacteria grows unchecked to a level of 10. No, the bacteria popu-
lation eventually reaches and levels off at 10, which above the fatal
level.

The parameter a could again represent the strength of the immune
system or ability of the body to fight off the given bacteria.

9. 2/’ =x(1 —z)(x — 6)(z — 10)

10. ' = z2(2z—1)(z—1)*(z—2)(x—8) or ' = z(2x—1)?*(z—1)(z—2)(z—8)

11. (a)
(b)

¥ =222 —12)%(z —4)
x = 0 - Half-stable, x = 2 - Half-stable, = 4 - Unstable
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12.

13.

14.

15.

16.

Section 2.4 85

(a) 2’ =rz(x—a)(x—1) r,a>0
(b) i. 0<a<1,z=0- Unstable, z = a - Stable, z = 1 - Unstable
ii. a=1, x =0 - Unstable, x = 1 - Half-stable

iii. @ > 1, x =0 - Unstable, x = 1 - Stable, x = a - Unstable

(¢) When a < 1, the bacteria goes to the stable level a if it starts
with a level less than 1 and grows without bound otherwise. When
a = 1, the bacteria goes to the half-stable level ¢ = 1 if it starts
with a level less than 1 and grows without bound otherwise. When

a > 1, the bacteria goes to the stable level of 1 if it starts with a
level less than a and grows without bound otherwise.

%er(l—%)
Let‘I:%,T:%%dT:%dt

G = N = @A) (1 - e )

Ax'% :rAx(lf:c%).

Let A=K and T = % =>x= %,T = rt, then
x':rTx(l—x%)zx(l—x)

r BtzA
Then 2’ = RTx(1 — x%) _ g—iﬁcﬁ
Let T =4, A=K =21 =z(1-12)— it +):>Leth—%b:%30
that 2 = £, 7 = Rt
G = kiso — kag + éif;z
r=4% 7= %
Aa' 3 = kaso = ka Az + 2T
@' = kiso — Thyw + % = Lk So — Thox + %
<A2+:c )
de =1=T={ ’]2;1
Let A=ks, T _£4’T_Tk = ks g — Tk Sy =125,

(a) Small N is approximately constant harvesting; large N is approx-
imately constant yield

1-0 b+1)2—4h
(b) z* =0, ( )+ v+ ; ¥ = 0 is always a biologically

2
relevant equilibrium solution and will be stable if it is the only one;
the other equilibrium will be stable when it is biologically relevant
(i.e., when the radicand is positive)
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Section 2.5

2.5 Numerical Approximation: Euler and Runge-Kutta

Methods
1. dy/dw =23, y(1) = 1; explicit solution: y = 1(z* + 3)
Fuler | RK4 | Explicit
1.0 1 1 1
1.1 1.1 1.116 1.1160
1.2 1 1.2331 | 1.2684 | 1.2684
. o . . . _ 1
2. dy/dx = —y?, y(0) = 1; explicit solution: y = 15
Euler | RK4 | Explicit
zi | i yi y(zi)
0 1 1 1
01 09 0.909 0.909
0.2 | 0.819 | 0.8333 | 0.8333
3. dy/dx = zty, y(1) = 1; explicit solution: y = @ ~1/5
Euler | Explicit
1.0 1 1 1
1.1 1.1 1.1299 | 1.1299
1.2 ] 1.2611 | 1.3467 | 1.3467
4 dy 2cosx, h = 0.1, y(0) = 1; explicit solutio L
. =— x, h = 0. = 1; explicit solution y = ————.
dr Y ) Y ; €XP. Y 1+ sinz
o = 0
21 =0+ (0.1)(1) = 0.1
2y =0+ (0.1)(2) = 0.2

Euler :

yo =1

=1+ (0.1)(—(1)2 cos(0)) = .9
Y2 = .9+ (0.1)(—(.9)? cos(0.1)) = .8194
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Runge-Kutta:

Y1t
ki = £(0,1) = —(1)*cos 0 = —1
_ (DEDY L ge2 _
ko= f0+.051+ 2 = —(.95)" cos(.05) = —.901372
1
ks=f (O +.05,1+ (;(—.902499)) = —.9107543
ky = f(0+.1,1+(.1)(—.911786)) = —.8220166
1
y1 =1+ %(—1 +2(—.901372) + 2(—.910754) + (—.8220166))
= .9092288
Y2:
k1 = —.822567
ko = —.745136
ks = —.751797
ky = —.68177
= yo = .8342587
Explicit:
1
O = w0 —
1
1) = —F—— =.90922
y(0.1) 1+ sin(0.1) 909228
1
2) = ——— = .8342
y(0.2) = 7o) — 834208
Euler | RK4 | Explicit
0.0 1 1 1
0.1 9 909228 | .909228
0.2 | .8194 | .834258 | .834258
sinx
5.y = R (m)=2,h=.1
Euler RKA4 Explicit
0 2 2 2

m+.1 2 1.999375 | 1.99937
m+.2]1.99875 | 1.9975 | 1.99750
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6. dy/dx =ye™*, y(0) = 1; explicit solution: y = exp(l — e~ ")
Euler | Explicit
T4 Yi y(z;)
1.0 1 1
1.1 1.1 1.0998 | 1.0998
1.2 | 1.1995 | 1.1987 | 1.1987

7. dy/dx =e7Y, y(0)=2; explicit solution: y = In(x + 62)
Euler | RK4 | Explicit
T Yi Yi y(z:)
0.0 2 2 2
0.1 |2.0135 | 2.0134 | 2.0134
0.2 ] 2.0269 | 2.0267 | 2.0267
0.3 | 2.0401 | 2.0398 | 2.0398
0.4 | 2.0531 | 2.0527 | 2.0527
0.5 | 2.0659 | 2.0655 | 2.0655
0.6 | 2.0786 | 2.0781 | 2.0781
0.7 1 2.0911 | 2.0905 | 2.0905
0.8 12.1034 | 2.1028 | 2.1028

2
2+ x2

8. dy/dx = —zy*,  y(0) = 1; explicit solution: y =

Euler RK4 Explicit

0.0 1 1 1
0.1 1 0.99502 0.99502

0.2 0.99 0.980392 | 0.980392
0.3 ] 0.970398 | 0.95694 | 0.95694
0.4 | 0.942148 | 0.92593 | 0.92593
0.5 | 0.90664 | .88889 .88889

0.6 | 0.86554 | 0.847457 | 0.847458
0.7 | 0.82059 | 0.803213 | 0.803213
0.8 | .77346 | 0.75758 | 0.75758

9. dy/dx = y+cosz, y(0)=0; explicit solution: y = %(sinx —cosz+e%)
Euler | RK4 | Explicit
T Yi Yi y(z:)
0.0 0 0 0
0.1 0.1 .1050 | 0.1050
0.2 1 0.2095 | .2200 | 0.2200
0.3 0.3285 | .3450 | 0.3450
0.4 | 0.4568 | 0.4801 | 0.4801
0.5 | 0.5946 | 0.6253 | 0.6253
0.6 | 0.7418 | .7807 | 0.7807
0.7 | 0.8986 | 0.9466 | 0.9466
0.8 1 1.0649 | 1.1231 | 1.1231
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10. dy/dx = y+sinz, y(0) = 2; explicit solution: y = =t (cos z+sinz—5e®)

11. dy/dz = = + y,

Euler | RK4 | Explicit
T Yi Yi y(:)
0.0 2 2 2
0.1 22 |22155| 2.2155
0.2 | 2.4300 | 2.4641 | 2.4641
0.3 | 2.6929 | 2.7492 | 2.7492
0.4 | 2.9917 | 3.0743 | 3.0743
0.5 | 3.3298 | 3.4433 | 3.4433
0.6 | 3.7107 | 3.8603 | 3.8603
0.7 | 4.1383 | 4.3299 | 4.3299
0.8 | 4.6165 | 4.8568 | 4.8568

y(0) = 0; explicit solution: y = —z — 1 + €*

Euler | RK4 | Explicit
T Yi Yi y(wi)
0.0 0 0 0
0.1 0 0.0052 | 0.0052
0.2 .01 |0.0214 | 0.0214
0.3 | .031 | 0.0499 | 0.0499
0.4 | .0641 | 0.0918 | 0.0918
0.5 ] .1105 | 0.1487 | 0.1487
0.6 | .1716 | 0.2221 | 0.2221
0.7 | .2487 | 0.3138 | 0.3138
0.8 | .3436 | 0.4255 | 0.4255

12. dy/dx = (x+1)(y*> + 1), y(0) = 0; explicit solution: y = tan(32? + x)

13.

Euler | RK4 | Explicit
Zi Yi Yi y(xi)
0.0 0 0 0
0.1 0.1 0.1054 | 0.1054
0.2 |1 0.2111 | 0.2236 | 0.2236
0.3 ] 0.3364 | 0.3594 | 0.3594
0.4 | 0.4812 | 0.5206 | 0.5206
0.5 0.6536 | 0.7215 | 0.7215
0.6 | 0.8677 | 0.9893 | 0.9893
0.7 | 1.1481 | 1.3837 | 1.3837
0.8 | 1.5422 | 2.0660 | 2.0660
y/ _ efx2

1.75
1.5
1.25
1
0.75
0.5
0.25
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14.

15.

16.

17.

18.

y' = x3e¥ 4 3z?siny

Section 2.5

0.5 1 1.5 2

Y =yva?+y? + 1+ cos(zy)

14
12
10

8
6
4
2

-0.4 -0.2 0.2 0.4 0.6

h | (&) 2(1) | (b)) x(1)

1 100.75 101.249
0.5 | 100.75 | 101.249
0.25 100.75 101.249
0.1 100.75 101.249
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2.6 An Introduction to Autonomous Second-Order Equa-
tions

1. y=ce®, y =kee*®, ¢ = k*ce® =
yy// — Cekz " k,ZCekr _ 62k282km _ (y/)Q

C + gcosb
— a

2. Ilfv=260 thenv = nd

3. Substitution gives v% = fgf—j. Separating, solving, and applying the

IC gives v = i\/ZgR(g — 1)+ v3. The “4” corresponds to the object
going away from center of earth; the object “escapes” if the radicand is
always nonnegative. Since % —0asx — o0o= —2gR+v3 > 0.

d
4. (a) Hu(z) = %, then we have u' = /1 + u2.

(b) This is separable, so = sinh™*(u) = z — o

/ du
V14 u?
e(zsz) _ ef(mwa)
=>u= > for some constants ¢, d.
d (z—z0) _ ,—(z—20)
(d) Then, if u = di == < = sinh(z — 20),

T 2
then y = cosh(xz — 20) + C.

Chapter 2 Review

1. False. Neither f nor % is continuous everywhere.

2. False. It may not be unique.

False. RK use four function evaluations to calculate the next step.
False. Euler’s method is not superior.

True.

A

True. Phase line analysis will work and gives information on long-term
behavior.
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10.

11.

12.

13.

14.

15.

Chapter 2 Review

(i) Solutions exist everywhere; (ii) solutions are unique everywhere.
(i) Solutions exist everywhere; (ii) solutions are unique when zy # 1.

(i) Solutions exist everywhere; (ii) solutions are unique everywhere ex-
cept possibly along y = 0.

(i) Solutions exist everywhere except possibly when x = F 4 nm for
n = 0,1,2,--+; (ii) solutions are unique everywhere except possibly

when x = § £ nm forn=0,1,2,---.

(i) Solutions exist everywhere except possibly when y = § &+ nm for
n = 0,1,2,---; (ii) solutions are unique everywhere except possibly
when y = § £ nm forn=0,1,2,---.

(i) Solutions exist everywhere except possibly when x = 7 + nr for
n = 0,1,2,--+; (ii) solutions are unique everywhere except possibly

when y = 5 £nmforn=20,1,2,---.

(i) Solutions exist everywhere except possibly along x = —1; (ii) solu-
tions are unique except possibly along z = —1.

_— - - —

2

y' = x — y? that passes through the initial condition y(0) =0
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16(d)

y* = 2 is stable.

)

Chapter 2 Review

05/11/14 5:12PM ‘

—3 is unstable

(b),(d) see graphs

Chap.2 Review 16(b)

16. (a),(c) y*
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19. Left picture matches (d); right picture matches (b). Check pairs of
points such as (0,1), (1,-1), (1,0).

20. Left picture matches (a); right picture matches (d). Check pairs of
points such as (0,1), (3, 1).

21. 2’ = 2%(z — 2)(4 — 3x)
0- half stable, 2 - stable, g - unstable

22. 2/ = (22 = 9)%(x — 1)
—3- half stable, 3 - half stable, 1 - unstable

23. 2/ = (14+2)(3+22)(5 —2)7
f%— stable, 5 - stable, —1 - unstable
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24. ' = 2122 — 3)3(2® + 4) (2 + 22 + 1)
—1- half stable, 0 - half stable, % - unstable

25. o' = (z* — 16)?

—%— unstable, —2 - stable, 2 - unstable, %— stable

\4
\'4

26. 2’ = x(4 — 32)3(2x + 1)* (23 - 1)
—.5- half stable, 0 - stable, % - stable, 1 - unstable

95
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27. (a) r > 1, no equilibrium points.

(b) 7 <1, —/1 —r - unstable; /1 — r - stable

r<l r>1

Bifurcation diagram for 27

> -

28. (a) r < 1, no equilibrium points.

(b) r > 1, negative value - unstable; positive value - stable

r<l r>1
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Bifurcation diagram for 28

>4

2

29. (a) r =1, 0 - half stable
(b) 7> 1, 0 - unstable, positive value - stable

(¢) r <1, 0 - stable, other value - unstable

r<l r>1

2]

0.5

—1J

Bifurcation diagram for 29

97

05/11/14 5:12PM



98 Chapter 2 Review

30. L =rN1-L)-H
_t

xA) dr
AN _ @A) dr o (pA)1 -2 d) — H

Let A=K and T =

o' =rTz(l—z4)

H
,hz—Kf:>33

h
&\
el
|
<
b
8
_
I
8
‘ ‘!\»—AN‘:B

I
T
!

3.y = 8 y(1) =

z; | RK:y; | Euler:y,
1 |3.1416 | 3.1416
1.1 | 27742 | 2.6981
1.2 | 2.5144 | 2.4127
1.3 23210 | 2.2118
1421713 | 2.0621
1.5 | 2.0522 | 1.9459
1.6 | 1.9550 | 1.8531
1.7 | 1.8743 | 1.7770
1.8 | 1.8061 | 1.7135

32. 2y + 2?2 +ay—y=0, y(1) = 1.
z; | RK:y; | Euler:y,
1 1 1
1.1 | 0.8906 0.9
1.5 0.3196 | 0.3494

2.0 | -.5285 | -.4981

2
33. y' =4, y(2)=0.

All answers are 0 because yg = 0 is an equilibrium point.

34. (x+203)y =y, y(-1)=1.
z; | RK:y; | Euler:y,
-1 1 1
-0.9 | 1.0802 1.1
-0.5 | 1.2671 | 1.2919
0 | 1.4142| 1.4383
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35. ' = 15, y(1) = 7.

z; RK:y; | Euler:y,
1.4142 | 1.0000 | 1.0000
1.5142 | 1.1251 | 1.1207
1.6142 | 1.2592 | 1.2495
1.7142 | 1.4030 | 1.3868
1.8142 | 1.5571 | 1.5332
1.9142 | 1.7222 | 1.6891
2.0142 | 1.8992 | 1.8552
2.1142 | 2.0889 | 2.0321
2.2142 | 2.2924 | 2.2207

36. (1—a2)y +xy=0, y(0)=>5.
z; | RK:y; | Euler:y,
0 5 5
0.1 4.9749 5.0
0.5 | 4.3301 | 4.4634
0.9 | 2.1777 | 2.5333

37. 2zy? —y)2 +xy =0, y(r) = 1.
r; | RK:wy; | Euler:y;
3.24 | .5678 11153
3.34 | .5110 .11150
3.44 | 4724 11148
3.54 | .4435 11146
3.64 | .4206 11144

38. Y2 +2(x— 1)y —2y =0, y(0)=-3.
z; | RK:y; | Euler:y,
0 -3 -3
0.1|-2.3479 | -2.25
0.5 | -.8572 | -.7543
0.9 | -.1279 | -0.0999
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