Solutions to Exercises in Chapter 2

Solution to Exercise 2.1.
(a) At time T = 1 the terminal values of the bond and the stock are, respectively,
Br = Bo(1+7)=100(1+ 0.05) = 105

100(1 4+ 0.1) = 110  with probability 60%

St = So(1 + =
T o(L+7s) {100(1 —0.05) =95 with probability 40%

The terminal value of portfolio (z,y) is

110z + 105y  with probability 60%

[y =257 +yBr =
g rryeT {95x+105y with probability 40%

The positions x and y of the target portfolio satisfy the following system of equations:

110z + 105y = 1000 x=—19>_-3333
=
95 4 105y = 1500 y =400 =~ 4444

(b) The initial value of this portfolio is

100 400 10000

Therefore, the expected return is

V; 9 3 27 2 54454 108
E[RV]:E{T} _ 2ot

= . = — =1.08.
Vo 10 5 20 5 100 100

The expected rate of return is E[ry| = E[Ry] — 1 = 8%.

Solution to Exercise 2.2. Suppose that Xy < Y. Form the following portfolio of assets
X and Y sell short one share of Y, buy one share of X, keep the proceeds Yy — Xy > 0 in
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cash. The total initial value of this portfolio is zero. At time T, sell the share of X, buy
and return one share of Y. The final wealth, X7 (w) — Yr(w) + Yy — Xj, is nonegative for all
w € Q. In state w’, the wealth is strictly positive. Hence, it is an arbitrage portfolio. We
arrive at a contradiction.

Solution to Exercise 2.3. At time 0, take a short position in investment V' and a long
position in investment W. The cash proceeds are Vy — Wy > 0. At time T close all posi-
tions. The terminal wealth equal to Wy —Vp 4V, — W) is strictly positive with probability 1.

Solution to Exercise 2.4.

(a) We deal with a standard binomial model. The annual rates of return on the stock are
ré =0.1 and rg = —0.05. The risk-neutral probabilities are

o . r—rg 0.05 — (—0.05) 0.1 2
— P(the stock = == 015 3
p = P(the stock price goes up) ré—rg 01—(=005 015 3

~ 2 1
1 — p = P(the stock price goes down)zl—gzg.
(b) We have
~[S] St S, Se(l4rd) So(l+1Y) .
E|oH| =55+ (1-p) = + 1—
[31} B’ B1( P Bo(1+7“)p Bo(1+7“)( )
102 %5 1 35 105
© 105 3105 3 3-105 100 By

Solution to Exercise 2.5.

(a) Let us show that there is no portfolio (z,y) with Iy = xS+ yBy = 50x + 10y = 0 such
that II; (w’) = 51 (w?) + yBy = 0 holds for all j = 1,2, 3 where at least one inequality
is strict. Since Iy = 0, we have y = —5x. At time ¢t = 1, we have

I, (w') = 70z + 11y = 70z — 552 = 15z
IT, (w?) = 552 + 11y = 552 — 5520 = 0
IT; (w?) = 40z + 11y = 40z — 550 = —157.

The only solution to the simultaneous inequalities II;(w?) > 0, j = 1,2,3 is z = 0.
Clearly, (z,y) = (0,0) is not an arbitrage portfolio since H(()O’O) = 0 and HSO’O) = 0.
Therefore, the model is arbitrage free.
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(b) The risk-neutral probabilities p; > 0, j = 1,2, 3, solve the following system of equa-
tions:

~ Sp(w! ~ Sp(w? ~ Sp (w3 ~ ~ ~
D1 11(;1) D2 1él)+p3 1é1 ) ZE—‘; %p1+5p2+%p3:5
pL+p2+ps=1 D1+p2tps=1

The solution is given by

him-
D2 =1
him-

where ¢ € R is a free parameter. The solution is strictly positive iff £ € (0, 1).

Solution to Exercise 2.6. Assume that S < By < S* holds. Let us prove that there are
no arbitrage opportunities. Consider a portfolio (z,y) with IIy = 0, where I, = xS, + yB;
for t € {0,T}. If x =0, then y = 0 and hence Iy = 0 and IIy = 0. Clearly, (z,y) = (0,0)
is not an arbitrage portfolio. Let x # 0. Then, we have y = —:vg—g = —uz since [l = 0 and

So = By. The terminal value of the portfolio, Il = xSt + yBr, is given by

I} = x(S* — Br)  with probability p;
Iy = 2(Sp — Br) = ¢ [IF# = 2(S™ — By) with probability p,
4 = 2(S% — Br)  with probability ps

If z > 0, then II% > 0 and 114 < 0. If z < 0, then II% < 0 and TI% > 0. So there is no
arbitrage portfolio for any value of x.

Now assume that By < S¢ holds. Clearly the portfolio (x,y) = (1,—1) is an arbitrage
portfolio. Indeed, the initial value of this portfolio, Ily, is zero, the terminal value Il is
nonnegative with probability one. Moreover, [ is strictly positive with nonzero probability
since IT% > 0. If By > S" holds, then (z,y) = (—1,1) is an arbitrage portfolio.

Solution to Exercise 2.7.

(a) This two-period model consists of three single-period binomial sub-models: one sub-
model for the time interval [0, 1] and two sub-models for the time interval [1,2]. Con-
sider a single-period binomial sub-model generated by scenarios w?® and w* from time
1 to time 2. At time 1, the stock is priced at 40. The stock price remains the same
(if w? occurs) or changes from 45 to 40 (if w? occurs). The return on the stock for the
time interval [1,2] is given by

0 if w=w?
R () - {

% if w=w?
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The return on the risk-free bond for the interval [1, 2] is equal to RY = %22 = L Since

the latter is greater than the return on the stock, the sub-model admits arbitrage. One
the other hand, the other two single-period binomial sub-models are arbitrage free.
Therefore, we can construct the following arbitrage strategy {(z:,y:)}i=o1. At time
0, set 29 = 0 and yo = 0. The portfolio value is zero over the time interval [0,1]:
[y = I;(w) = 0 for all w. At time 1, we have two cases. If S; = 60, i.e. w € {w', w?},
then we set z; = y; = 0. If S} = 45, i.e. w € {w? w*}, then we sell short the stock:
x1 = —1. In the latter case, to ensure that the self-financing condition holds, we invest
the proceeds in the bank account: y; = 1%. As a result, we have the following strategy:

0=0, z(w')=2(w?)=0, z:() =z =-1;

=0 nw)=nw)=0, n’)=nw")=-
The portfolio value process is as follows:

0 ifwe{ww?},
[lh=0, =0, Thw=<2 fw=dd
100
11

Y

if w = wt.
This is an arbitrage strategy.

If no short selling of the risky stock is allowed, then we should have zy > 0 and
x1(w) = 0 for all w. Therefore, the arbitrage strategy constructed in (a) is not allowed.
Clearly, an arbitrage opportunity may arise iff S; = 45. As follows from the proof of
the arbitrage theorem for the binomial model, only a strategy with a short position in
stock can produce an arbitrage profit.

Solution to Exercise 2.8. Suppose that transaction costs of 5% apply whenever stock
is purchased or sold. Consider an investor who follows the strategy constructed in Solu-
tion 2.7. At time 1, one share of stock is sold short if S; = 45. The transaction costs of
$45-0.05 = $2.25 is paid. If the remaining amount of 45 — 2.25 = 42.75 dollars were invested
risk-free, it would worth 42.75 - % = 46.64 at time 2. However, closing the short position
in stock would cost $45 - (1 4 0.05) = $47.25 (including the transaction costs of 5%) in sce-
nario w?, making the final wealth negative. Thus, there does not exists an arbitrage strategy.

Solution to Exercise 2.9. Given the bond and stock prices in Exercise 2.7, except that
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Sy (w?) = Sy(w?) = 50, we have

S 60 45
= = =P(S; = 60) + —P(S;, = 45
{BJ 55 (51 = 60) + 55 P(51 = 45)
60 45
== (P(wl) + P(wQ)) + = (P(wg) + P(w4))
_60 (17, 5\ 45/(10 1
55 \33 33 5\33 33
_60-224—45-11_1_&
N 3355 By
S 70 50
E|Z2 = = —P(S, = = ZP(S, = =60
{32\51 60} G P(S: =T0[ 81 = 60) + P(S; =50 | S = 60)
_ 70 P(w?) +@ P(w?)
60 \P(w?) + P(w?) 60 \ P(w!) + P(w?)
70 ng@ 5 70-17+450-5 60 Sp
60 22 60 22 60 - 22 55 By’
S 50 40
E|Z2 =45 = =P(S, =5 =45) + —P(S, = 4 =45
{32‘51 5} 50 (S =50 | Sy )+60 (S2 =405, )

50 ( P(w?) ) N 40 ( P(w?) )
60 \ P(w?) + P(w?) 60 \ P(w?) + P(w?)
S50 10 40 1 5010440 45 S
60 1160 11 60-11 55 By

Solution to Exercise 2.10. The self-financing condition for one period takes the form:

Si(x1 — x0) + Bi(yr —yo) =0

where 1 = x and y; = y are fixed. Let find all possible zy and yo that satisfy the above
condition. The time-1 stock price S; takes one of two possible values:

Sy = So(1+75)=100-0.9=90 or S; = So(1+7r%)=100-1.2=120.

Hence, xy and g, solve the system of two linear equations:

90(z — xo) + 11(y —yo) =0 e JE=
120(x — xo) + 11(y — yo) =0 =
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Solution to Exercise 2.11. Let x and y denote the number of units of .S and B, respec-
tively. We have the following system of equations:

— __ 200
xSy + yBy = 10000 — x +y =100 e JT=5
Q?SO = QyBO T = 2y

At time 1, we have

200 100
I (wh) = 25 (wh) +yB, = = 115 + -5 105 = $11,166.67,
200 100

Solution to Exercise 2.12. Using the Maclaurin series of f(z) = e*, we have the following

approximation of the probability py as a function of § = dy = %:

) (1+6r + O(82)) — (1 — oo+ %D +(9(53/2))
pN_(1+mﬁ+ﬁ¥+0@wﬁ—(1—mﬁ+£¥+owwg
oV (r—02/2)8+ O%2) g+ (r— 0 /2VE + O(5)

20V/8 + O(83/2) 20+ O(6)

As N — oo, we have that § — 0 and py — 5% = % The limiting values of the mathematical

expectation and the variance of Ly (calculated under Py with the upward probability py)
are as follows:

Ee, [Ln] = (2 — )7 = ((r AR 0<6>) ()

Ve
— (r = o*/2)T + O(V9) — (r—0?/2)T, as § — 0;

1+ 0(0)

Varg [Ly] = pn(1 — pn)4o”T
_ (ot r=0*/DVE+O0@)\ [0 (r—0*/2Vi+00) , 5,
- 20+ O() 20 + O(0) 7

o2+ 000)\ , 5
pr— —_—— T T .
(02—1—(9(5))0 — 0T, as 0 — 0
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Solution to Exercise 2.13. Using the formula E[g(Z)] = [* g(z)fz(x)dz with g(z) =

et and fz(z) = n(x) = \/%e*ﬁ gives
B [e*7*] = QUL / T L g gy
—oo V2T oo V21

ol 2 @0? 2y [ 1 _ea? Ay
= — 2 2 dr =e2 e z dr=ez"",
—oo V2T Coo V21

(z—a)?

where we use the fact that the function \/%e_ 2 is the PDF of Norm(a, 1) and hence the
integral of it equals 1. Now, let us calculate the variance of Z:

Var(X) = E[X?] - E[X]* =E [e2aZ+2b} _E [eazﬂ,}z

(20)% a2 )2 2 2 2 2
_ o4 <e2+b> N )Y

Solution to Exercise 2.14. The probability distribution of S(5) is given by
S(5) £ 100 02510257 — 100 0140-2V5Z - where Z ~ Norm(0,1).
(a) Using the fact that E [e®?T?] = ot gives

E[S(5)] = 100E [eom’s*o‘mz] = 100 e 1+(02V5)*/2 — 100 €2 = 738.905610.

(b) Since In(S(5)/100) = 0.1 + 0.2v/5Z ~ Norm(0.1,0.2), we have
P(S(5) > 100) = P(5(5)/100 > 1) = P(In(S(5)/100) > 0) = P(0.1 + 0.2/5Z > 0)
=P(Z > —/5/10) = P(—Z < v/5/10) = N (v/5/10) = 0.588468.
Here, we use the fact that if Z is a standard normal random variable, then so is —Z.
(c) We have
P(S(5) < 110) = P(S(5)/100 < 1.1) = P(In(S(5)/100) < In1.1)

=P(0.14+02V5Z <Inl.1) =P(Z < (In1.1 — 0.1)V/5)
= N((In1.1 —0.1)v/5) = 0.495816.
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a2
Solution to Exercise 2.15. As shown in Exercise 2.13, E [e*?*?] = 7. Thus,

E[e7"S(T)]

[efrTs(O)e(rfaz/Q)TJra\/TZ}

E
S(0)E [e—a2T/z+aﬁz] — §(0)e" T T/2HEVT/2
S

(O)e—azT/2+U2T/2 _ S(O)eo _ S(O)

Solution to Exercise 2.16.

a) Denote x = In(uy). Since uy - dy = 1, we have In(dy) = —x. The nonlinear system
(a) y
with two unknowns, x and p = py, takes the following form:
s
xp—x(1—p) = udy x(2p — 1) = pon p=25\/1§—N—|—%
?p+ 2%(1 — p) = 0%y 2? = 020y T =0y
The final solution is given by
1 Vo 1
uN:a:eI:eU oN and pN:u20N+§‘

(b) Denote z = In(uy) and y = In(dy). The unknowns x and y satisfy the following system
of equations:

T4y =2u0N
2 4 y* = 20%0n

There are two solutions:

(:E,y) = (/MSN + \/ 025N - ,u25]2\[, ,U(SN + \/0'25]\[ — [1,2(5]2\7) .

Assuming that dy < uy, we have
dy = eudN_\/o—QéN_MQ(S]Q\/" uy = eH5N+\/025N_N2512\7.

The solution exists iff oy < "—;
I
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Solution to Exercise 3.1. Let us verify for each function that the first derivative is positive
and the second derivative is negative:

1
ui(z) = (Inz) ==>0 for = >0,
T

T

uf(x) = (1)/ S <0 for x#0

z? ’
uy(z) = (1 —e ) =ae™™ >0 for z € R since a >0,
uy(r) = (ae™™) = —a?e™* < 0 for € R.

Therefore, uy () and us(x) are utility functions defined on the intervals (0, co) and (—o0, 00),
respectively.

Solution to Exercise 3.2. Let us verify for each function that the first derivative is positive
and the second derivative is negative:

ug(x) = (.70“)' =az" ' >0 for x>0 since a >0,
/

uy(z) = (ar* ') =ala — 122 <0 for >0 since 0<a <1,
uy(z) = (x — b2®) =1 —2bx >0 for x<21b
uy(x) = (1 —2bx) = =20 <0 for 2 € R since b> 0.
Therefore, us(x) and uy(z) are utility functions defined on the intervals (0, 00) and (—o0, 5;),

respectively.

Solution to Exercise 3.3. The value of investor’s portfolio in one year is given by

V- 2aW + (1 —a)(1 4+ r)W with probability p,
b (1—a)(1+nrW with probability 1 — p.
Let us assume that 0 < r < 1.

(a) The expected utility of the terminal wealth is
Eu(Vi)] =In2aW + (1 —a)(1 +7r)W)p+In((1 —a)(1 +r)W)(1 — p).



