CHAPTER 2 HOMEWORK PROBLEMS

SOLUTIONS




2.1. Solve part (c) of Example Problem 2.1 by hdrasded on the specified rotation angles listedealth
case calculate that the magnitude of the transfdrfimee vector. Confirm your calculations using

program 3DROTATE

Solution

From Example Problem 2.1, the transformed forceorés given by:
Fye (cost)Fy +(sinb)F,
Fyr ¢ =1(-cospBsind)F, +(cosfcosd)Fy +(sinp)F,
F, (sinBsin@)F, +(=sinBcosf)F, +(cosp)F,

The force components are specified in the y — 2 coordinate system by the problem statement:

Fy 1000
F =1000i +200] + 600k (N)  (or) {E}: Fy(=1200;N
F, 600
Hence:
Fye (cos#)(L00ON) + (sind 200N
Fyr ¢ =1(-cosBsing)(1000N) + (cosp cosd)(200N) + (sin 5)(600N)

F (sinBsin@)(L000N) + (—=sin S cosd)(200N) + (cosB3)(600N)

(@) =60, B =45 F =673 24" -9659]" -117.4k" (N)
(b) 6=60, 5 =45 F =6732i"-117.4]"+965.9k" (N)
(c) §=-60°, f=-45: F =3268("+258.8] "+ 1107K" (N)
(d) 6=-60°, B=45: F =3268i "+ 107"~ 258.8k" (N)

() 6=-45, B=60°:  F =5657i"+9549"-434.8k" (N)
() 6=-45, B=-60°: F =5657i "~ 9535] "+ 1035K" (N)

(g) 6=45, B=60°: F =8485i"+2368]"+789.9k" (N)
(h) =45, B=-60°:  F =8485{"-8025]"-189.9k" (N)

In each case the magnitude is calculated using Egriti found to be 1188. Identical results are returned
by program 3DROTATE.
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2.2. Consider arx''-y'"'-z'"'coordinate system, which is generated fromxany — z coordinate system
by the following three rotations:

e a rotation ofd-degs about the original-axis, which defines an intermediax&- y-z' coordinate
system (see Figure 2.2a), followed by

e a rotation of3 -degs about the' -axis, which defines an intermediage-y"- 2"
coordinate system (see Figure 2.2b), followed by

_y“‘_z

e a rotation of ¢ -degs about they" -axis, which defines the finat coordinate

system.

Derive the direction cosines relating tk&'-y'"'~z'"* and x— y — z coordinate systems.

Solution

The first two successive rotationé (and/3 ) are considered in Example Problem 2.1(a). Whbeated to

the xX'-y"-2"' coordinate system, unit vectors J, andK can be written:

I =(cos@) i+ (-cosBsing) | "+ (sin B sin@) k"
J = (sin@)i"+ (cosf cosh) J"+(~ sinB cosh) k"
K = (0)i "+ (sinB) | "+ (cosB) k"

The direction cosines associated with a transfoomdrom the xX'-y"-Z"' coordinate system to the
x'"=y'"=z"" coordinate system are given by:

Cyyr = COSine(angebetweenx "'-andx'-axes)= cosy
Cymyr = cosine(angebetweenx "-andy" - axes)=cos@0’) = 0

Cy» = cosine(angebetweenx '""-andz'-axes)= cosQ0° + ) = —siny

Cynyr = cosine(angebetweeny "-andx'-axes)= cos@0’) =0
cynyr = cosine(angebetweeny "-andy-axes) cos(0°) =1

Cy» = cosine(angebetweeny "'-andz'-axes)=cos@0°) =0

Cy = COsine(angebetweenz '"-andx'-axes)= cosQC® —¢) = siny
Cyy = cosine(angebetweenz ""-andy"-axes)= cos@0’) = 0
c» = cosine(angebetweenz "'-andz'-axes)= cos(/)

These direction cosines together with Eqs (2.6)b=ansed to rotate the unit vectorfrom the X'-y'-z'
coordinate system to the final''-y'"'-z"" coordinate system:

Ixn =Cxrxlyr +Cyuyrly +Cp 2l = (cogp)(cosh) + (0)(-cosBsing) + (=sing)(sin Bsinb)

| = = cogy cosf —sing singBsing
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Lym =Cypyly +Cypyly +C gyl = (0)(cosb) + ()(-cosB sing) + (0)(sinSBsinb)

lym =~ cosBsind

lpm=Cpyly +Cpyly +Cyplp =(sing)(cosb) + (0)(-cosBsinb) + (cosy)(sinBsinb)
| ,» =sing cosgd + cosy sinB sind
Therefore, in the finak"'-y'"'-z""" coordinate system the vectoris written:

[E (cogy cos@ - siny sin Ssind) i (—cosfsinf) I "'+ (sing cos@ + cogy sinB sing) K"

In the originalx — y — z coordinate systerri is a unit vector aligned with the axis: I = (1)f . Therefore

this result defines the direction cosines assogiaiéh the angle between the origirat axis and the final
X ,y* and Z'-axes. Thatis:

Cyry =COSY cOSE —siny sin3sing
Cyny = -cOBsiné
Comy = Sing cosf +cosy sinBsind

Using an identical process, thleand K unit vectors are rotated from thé-y"'-Zz' coordinate system to
the final x'"'-y'"'-z"" coordinate system, resulting in:

J= (cosy sin@ +singsin Bcosb) i "+ (cosB cosh) | "'+ (sing sin@ — cosy sing cosb) k"
K = (singcosB) i+ (sinB) | "+ (cosy cosB) K"

Assembling these results, we find that the dir@ctiosines relating the original- y — zcoordinate system
to the finalx'""-y'"'-z'"" coordinate system are:

Cyx  Cxmy Cyny | | COSYCOSO—singsinfBsing cosysin @ +singsinfcosd  —siny cospf
Cymx Cymy Cymy |= - cosBsind cog5 coséd sinf
Cyw Cpvy Cpyg sing cosf +cosy sinBsind  sing sind—cosy sinBcosd  cosy cosf
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2.3. The force vector discussed in Example Prol#elris given by:

F =1000 + 200j + 600k

Using Equation 2.6(c), expre$s in a new coordinate system defined by three ssogesotations, as
specified, using the direction cosines listed ioldkgm 2.2. In each case compare the magnitudesof th
transformed force vector to the magnitudes caledl&t Example Problem 2.1. Solve these problems by
hand, and then confirm your calculations using paog3DROTATE.

Solution

Equation 2.6(c) is:

Fx' Cxx Cx'y Cxz Fx
Fy 1 =[Cyx Cyy Cyz|)Fy
Fz Czx Czy Czz|F:

The force vector discussed in Example Problem<2.1 i
F =1000 + 200j + 600k
The direction cosines relating the two coordingstems are:

Cynx  Cxmy Cyny | | COSYCOSE-singsinBsing  cosysin @ +sing sinfcosd  —siny cosp
Cynx Cymy Cymy |= - cosBsing cog5 cosd sing
Cyw Cpvy Cpyg sing cosf +cogy singsing  sing sind—-cosy sinBcosd  cosy cosfB

Hence,

Fyer cosy cosf-siny sinSsin@ cosysin +siny sinfcosfd  —siny cos |[1000
Fym = - cosfsing cog3 cost sing 200
F sing cos@+cosy singsing  sing sind—-cosy sinBcosd cosy cosB || 600

Results for the specified rotations are shown below

(@) 6=60°, f=-45, =25 F =6597i"+-9659]""+178.1K""
(b) 6=60°, f=-45, ¢ =-25: F =5605 ""-9659]""~3909k""
(c) 6=-60°, B=-45, (y =25
(d) 6=60°,3=45, y =25°:
(e) =-60°, B=-45, ( =25°:

Tl ¢ Tl
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In each case the magnitude is calculated using Zgritd found to be 1188. Identical results are returned
by program 3DROTATE.
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2.4. Solve Example Problem 2.3 by hand, using pleeified rotation angles.

Solution

Direction cosines relating the- y — z and x'-y"-Z" coordinate systems following successive rotatiéns
and 8 were determined as a part of Example Problemridlage:

Cxx Cyxy Cyyz cosd sing 0
Cyx Cyy Cyz|=|-cosfBsing cospBcosd sinf
Czx Czy Cyzy singsind -sinfcosfd cosf

The stress tensor to be transformed is:

Oxx Oxy Oxz 50 -10 15
Oyx Oy Oy |=[—10 25 30 |(ks)
Oz Ozy Oz 15 30 -5

Expanding Eq (2.13), each stress component is diyen

Oy =CxrxCxix Oxx TCxxCx'y Oxy ¥ CyxxCxz Oxz
+CX'yC><'x ny"'CX'yCX'y Uyy +C>¥yc><'z Uyz
+CyxzCxix sz"'cszX'y Uzy+cszX'z Oz2

Ixy =CxxCyx Txx ¥ CxxCy'y Oxy ¥ CxxCyz Oxz
+CxyCyx Tyx *CxyCyy Ty *CxyCyz Ty,

+C>zsz'x sz"'C)t‘sz'y Uzy"'C)‘(sz'z Ozz

Oxz =CxxCzx Uxx"'cx‘xcz"y ny"'C)'(xCZ'z Oxz
+C>k‘ycz"x ny+ckyCZ'y Uyy+ckyCZ'z ayz

+CyxzCzx sz+c>'<zCZ'y Uzy"'CS{zCz'z Ozz

Oyy =CyxCyyx Oxx T Cyx Cyry Oxy +CyxCyz Oz
+CyyCyx Tyx *CyyCyy Tyy +CyyCyz Tyz
+Cyzcy'x sz+cyzcy'y Uzy"'Cysz'z Oz2

Oyz =CyxCpx Oxx tCyxCpy Oxy T CyxCpz Oy
+nyCz'X ny"'nyCZ'y U'yy+nyCZ'Z JyZ

FCyzCzxOzx+tCyzCpy Ozy+Cy7Cp7 07

Oy 72 =CypxCzrxOxxTCzxCpryTxy+Cy xCp 70y
+CyyCpx OyxtCypyCpy Oy +Cy yCpzO0y;
+CyzCpx Ozt CyzCpry 07yt Cy2Cp 20,
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Substituting the known direction cosines and sifyiplg:

Tyx = (C0S)? Ty +2(cost sing) Oyy + (sing)? Oyy

Ty y = ~(c0SA cOSBSING) 0y + COSB(COS 6 —sin0) 7, + (COSISING) Oy,
+ (sindcogB cosd) oy + (sindsing) oy,

Ty z = (coSASINGsING) 0,y +sinB(sin? 8- cos 8) oy + (cosd cosB) Ty,
- (indsinBcos) oyy + (sind coB) oy,

Oyyr =(cosB siné?)2 Oy = 2(cos2 Bsindcodd) g,y — 2(cosBsindsing) oy,

+ CosBcosh)? gy + 2€05Bc0Bing) gy, + GinB)* 0y,

Oy =—(cosBsing sinzé’)axx + ZcospBsingsinB cosd) oy + sin6’(sin2 L- cos? B)Oys

- cosBsing 00529) Oyy +cosd (:052,8 —sin? B) oy, + (SinBcoB) 0,4,

Oypp = (sin,l?sin&?)2 Oy — 2(sin2 Bsingcosh) gy + Asin Bsing coPB) gy,

+ sinBcosd)? o, - 2(sinB cosdcosB) ay, + €0sB)% 0,

These results are used to solve each problem below:

(@) 6=20 B =-35:

Ty = (€0S20°)? (50)+ 2(cos20° ) (sin20°) (-10)+ (in20° ¥ (25)
Ty = A065KSi

Oy y =—(cos 20 cos(-35°)sin20°)(50) + cos(35° X0052 20 -sin?20° ) (-10)
+(cos 20 sin(-35°)) (L5)+ (sin 20 cos(-35° )coR(°) (25)
+ (sin 20 sin(-35°)) (30)

Oy =—2683Ksi

0y, = (c0s 20 sin(-35°)sin20°) (50)+ sin(-35°)(sin? 20° - cos’ 20° ) (-10)
+ (cos 20 cos(-35°)) (L5) - (sin 20 sin(-35° )co0(°) (25)
+ (sin 20 cos(-35°)) (30)

O y» = 1095Ksi

Chapter 2 Homework Problem Solutions



Oy y = (cosE35°)sin20° Y (50) - 2(cos’ (-35°)sin 20 co20°) (-10)
—2(cos35°)sin 20 sin(-35°)) (L5)+ €os(-35° )co(® )2 25)

+ 2€0s(-35° £oL0°sin(-35° )) B0+ (sin(-35°))? (-5)
oy =-0264Ksi

Oy =—(cos(- 33 )sin&E’S)sin2 20°)(50) + 2(cos-35)sin 20 sinE 35 )cos2() (-10)

+5in 20°(sin? (-35°) — cos® £35))(15)— o 35 )sinE 35 Los® 20°) (25)
+¢0s 20 cos’ (-35°) —sin® £35)) (30)+ (sinf 35 )cog-35)) (-5)

Uy'z' = 2638Ksi

Ty =(siN35)sin 20> (50)- Asin? (35 )sin 20 cos20 ) (-10)
+2(sin(-35)sin 20 cog-35)) @5)+ (sinf 38 )cos20 )2 (25)
— 2(sinE 38 )cos 20 cot-35)) (30)+ (:os(—3§))2 (-5)

Oyppm = 2962ksi

Tyx
Ty
Ozx

a'x'y"
Oyy
Uz'y'

(b) 8 =-20°

Tyx
O'ylx"
Oy

O'X'y"
gyy
Uz'y'

(c) 6=-20r

Oyx
a'y'x"
Oy

Ux' y"
gyy
gy y"

Oyp | [ 4065 -2683 1095
Oyp |=|- 2683 -02640 2638|(ks)
sy | | 1095 2638 2962

B =35

Oypy | [5350 2506 2927

Oyp |=| 2506 4409 - 1053|(ks)
Oyp| | 2927 -1053 - 2759

B =-35

Oypy | [ 5350 -1893 3356
Oyy|=|-1893 -1853 2385|(ks)
osp | | 3356 2385 3503
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2.5. Use Eq 2.12(a) to obtain an expression (iraedpd form) for the specified stress componergdich
case the expanded expression will be similar t@ &§).

Solution

In expanded form:

Oxx = Cxx Cxx Oxx T Cxx Cx'y ny *+CxxCxz Oxz
2.5(a) +Cyy Cyxx Tyx TCyyCxy Oyy +CyryCyxy Oy

*Cxz Cxx sz"'C){sz'y Jzy"'C)tzC)(z Ozz

Oxy =CxxCyx Oxx T CxxCyy Oxy *CxxCyz Oxz
2.5(h) *+CyyCyx Tyx +CxyCyy Oy +CyyCy; Oyy

+C>{zcy'x sz"'C){sz’y Uzy"'C)tszz Ozz

Oyy =CyxCyx Oxx T CyxCyy Oyy ¥ CyxCyz Oy
2.5(c) +CyyCyx Tyx *CyyCyy Oy +CyyCy; Ty,

+Cysz'x sz+cyzcy'y Uzy"'Cyszz 022

Oyz =CyxCzx Oxx +CyxCzy Oxy ¥ CyxCz7 Oy
25(d) +nyCZX0yX+nyCiy Uyy+nyCZZUyZ

+CyzCz2x OzxtCyzCzy Ozy+Cy7C22 022
027 =C2xCzx Oxx +CZsz'y ny"'CZxCZz Oxz

2.5(e) +CyyCyx Oyx +C3yCpy Oy +C 43y Cy7 Ty

+C32Czx sz"'CZzCz'y Uzy"’C 22C22 022
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2.6. Use prograrBDROTATRoO determine the stress invariants for the spegtitress tensor, and
compare to those determined in Example Problem(R@&e: the stress tensor is similar to the one
considered in Example Problem 2.3, except thaaltebraic sign of all three normal stresses has bee
reversed.):

Solution

Program3DROTATEwas used to determine the stress invariants éfdlfiowing stress tensor:

Oxx Oxy Oxz -50 -10 15
Oyx Oy Oy, |=| =10 -25 30|(ksi)
Oz Ozy Oz 15 30 5

The stress invariants are:

© = -70ksi
@ = -350(ksi)?
W = 47375(ks)°
Compared to the calculations made as a part of pleaRroblem 2.3:

- The algebraic sign of the first stress invariaa$ become negative
- The second stress invariant is unchanged
- The third stress invariant is wholly different
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2.7. Use program 3DROTATE to determine the stnegariants for the specified stress tensor, and
compare to those determined in Example Problem(R@&e: the stress tensor is similar to the one
considered in Example Problem 2.3, except thaalpebraic sign of all three shear stresses has been
reversed.):

Solution

Program3DROTATEwas used to determine the stress invariants &fdlfiowing stress tensor:

Oxx Oxy Oxz 50 10 -15
yx Oyy Oy [=| 10 25 -30|(ksi)
Oz Ozy Oy -15 -30 -5

g g

The stress invariants are:

© = 70ksi

@ = -350(ksi)>

W = -47375ks)°>
Compared to the calculations made as a part of pleaRroblem 2.3:
- The first stress invariant in unchanged

- The second stress invariant is unchanged
- The third stress invariant is wholly different
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2.8. Use program 3DROTATE to determine the stnegariants for the specified stress tensor, and
compare to those determined in Example Problem(R@e: the stress tensor is similar to the one
considered in Example Problem 2.3, except thaalebraic sign of all stress components has been
reversed.):

Solution

Program3DROTATEwas used to determine the stress invariants éfdlfiowing stress tensor:

Oxx Oxy Oxz -50 10 -15
Oyx Oy Oy |=| 10 =25 -30|(ks)
Oz Ozy Oy -15 -30 5

The stress invariants are:

© = -70ksi
@ = -350(ksi)?
W = 65375(ks)>
Compared to the calculations made as a part of pleaRroblem 2.3:

- The algebraic sign of the first stress invariaa$ become negative
- The second stress invariant is unchanged
- The algebraic sign of the third stress invartzat become positive
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2.9. Use program 3DROTATE to determine the stnavaiiants for the specified strain tensor, and
compare to those determined in Example Problem(Rate: the strain tensor is similar to the one
considered in Example Problem 2.7, except thaalebraic sign of all shear strain components leas b
reversed.):

Solution

Program3DROTATEwas used to determine the strain invariants ferfdtiowing strain tensor:

Exx  €xy Exz 100Qum/m —500urad —250urad

Eyx Eyy Eyz|=| —50Qwad 150Qm/m -750urad

Ex Ezy €12 —-25Quad —750wrad 200Qum/m

The strain invariants are:

0, =4500um/m=.004500m/m

@, =562510° (Lm/m)? = 5625d.07° (m/m)?

Y, = 1656x10° (Lm/ m)° = 1656x10°° (m/ m)3
Compared to the calculations made as a part of kaRroblem 2.7:
- The first strain invariant in unchanged

- The second strain invariant is unchanged
- The third strain invariant is wholly different
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2.10. Use program 3DROTATE to determine the stirmamriants for the specified strain tensor, and
compare to those determined in Example Problem(Rate: the strain tensor is similar to the one
considered in Example Problem 2.7, except thaalebraic sign of all normal strain components lieen
reversed.):

Solution

Program3DROTATEwas used to determine the strain invariants ferfdtiowing strain tensor:

Exx Exy Exz -100Qm/m  500urad 250urad
Eyx Eyy Eyz|=| 5S00wad -150Qum/ m 75Qurad
Ex Ezy €22 250urad 750uad  —200Qum/m

The strain invariants are:

®, =-4500um/m=-.004500m/m

®, =562510° (Lm/m)? = 5625d40°° (m/m)?

Y, = -1656x10° (zm/ m)3 = - 165610~ (m/ m)®
Compared to the calculations made as a part of kaRroblem 2.7:
- The algebraic sign of first strain invariant teecome negative

- The second strain invariant is unchanged
- The third strain invariant is wholly different
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2.11. Use program 3DROTATE to determine the stirmmriants for the specified strain tensor, and
compare to those determined in Example Problem(Rate: the strain tensor is similar to the one
considered in Example Problem 2.7, except thaalebraic sign of all strain components has been
reversed.):

Solution

Program3DROTATEwas used to determine the strain invariants ferfdtiowing strain tensor:

Exx €xy Exz -100um/m  —500wrad —250uwrad

Eyx Eyy €yz|=| —500urad  -150Qum/m  -750urad

Ex Ezy €22 - 250urad -750wad  —200Qum/m

The strain invariants are:

0, =-4500um/m=-.004500n/m

®, =562510° (Lm/m)? = 5625d40°° (m/m)?

W, =-2031x10%(zm/m)® = - 2031107 (m/m)3
Compared to the calculations made as a part of BkaRroblem 2.7:
- The algebraic sign of first strain invariant teecome negative

- The second strain invariant is unchanged
- The algebraic sign of the third strain invariaas become negative
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