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Chapter 2

The Time-Independent Schrodinger
Equation

Problem 2.1

(a)

(b)

(c)

U(z,t) = w(x)efi(EoJriF)t/h _ w(z)eFt/hefiEot/h — \\I!|2 |¢|2 2Tt/

/ \q/(x,t)|2dx=em/h/ 1 |2da

The second term is independent of ¢, so if the product is to be 1 for all time, the first term (e
also be constant, and hence I' =0. QED

2Ft/ﬁ) must

If ¢ satisfies Eq. 2.5, 2m drg + Vi = Ev, then (taking the complex conjugate and noting that V' and
E are real): ;Lm dd;f; + Vy* = Ev*, so ¥* also satisfies Eq. 2.5. Now, if ¢; and 9 satisfy Eq. 2.5, so
too does any linear combination of them (¢35 = 111 + caths):
h? d*ips h? 4>y, d*1y
“om de2 T Vipg = % ( T2 T2 ) + V(e + catb)
h2 del h2 d2w2
= {— g2 +V¢1}+02 {_Zmd + Vipa

= c1(BY1) + co(BY2) = E(c1yr + cotp2) = Evs.

Thus, (¢ + ¢*) and i(¢p — ¥*) — both of which are real — satisty Eq. 2.5. Conclusion: From any complex
solution, we can always construct two real solutions (of course, if 1 is already real, the second one will be
zero). In particular, since ¢ = [(¢ +¢*) —i(i(¢) — ¥*))],% can be expressed as a linear combination of
two real solutions. QED

If ¢ (z) satisfies Eq. 2.5, then, changing variables z — —x and noting that d?/d(—x)? = d?/dz?,
h? d*y(—x)
_ —2) = E(—2):
“om  dzZ + V(—2)¥(-z) Y(—z);

so if V(—z) = V() then ¢)(—z) also satisfies Eq. 2.5. It follows that 14 (z) = ¥ () + ¥(—2) (which is
even: Yy (—x) = y(x)) and Y_(z) = ¢¥(z) — (—x) (which is odd: ¢¥_(—z) = —1p_(z)) both satisfy Eq.
2.5. But ¢(z) = 3(¢1(x) +1—(x)), so any solution can be expressed as a linear combination of even and
odd solutions. QED
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Problem 2.2

Given Z%’ = Qh—’?[V(x) — E), if E < Vipin, then ¢ and 1 always have the same sign: If ¢ is positive(negative),
then " is also positive(negative). This means that ¢ always curves away from the axis (see Figure). However,
it has got to go to zero as x — —oo (else it would not be normalizable). At some point it’s got to depart from
zero (if it doesn’t, it’s going to be identically zero everywhere), in (say) the positive direction. At this point its
slope is positive, and increasing, so 1 gets bigger and bigger as x increases. It can’t ever “turn over” and head
back toward the axis, because that would require a negative second derivative—it always has to bend away from
the axis. By the same token, if it starts out heading negative, it just runs more and more negative. In neither
case is there any way for it to come back to zero, as it must (at  — o0) in order to be normalizable. QED
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‘\/
N
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Problem 2.3

Equation 2.20 says % = —QZZEMJ; Eq. 2.23 says ¥(0) = ¢(a) = 0. If E =0, d*/dx* = 0, so ¢(x) = A + Bu;
Y(0)=A=0=1v%=DBux;(a) =Ba=0= B=0,s019=0. If £ <0, d*)/dx* = k*, with Kk = /—2mE/h
real, so ¥(z) = Ae"® + Be "*. This time ¥(0) = A+ B =0 = B = —A, so ¢y = A(e"® — e~ %), while
Pla) = A(e" — e ") = 0 = either A =0, so ¢ = 0, or else e"® = ¢ ", 50 e** = 1, so 2ka = In(1) = 0,
so k£ = 0, and again ¢ = 0. In all cases, then, the boundary conditions force ¢ = 0, which is unacceptable
(non-normalizable).

Problem 2.4

2 a
(x) = /J)|’(/J|2dl’ = f/  sin” (Hm) dx. Let y = @x, so dx = icly; y:0— nm.
a Jo a a nm

72(1)2/m 12 0 d — 2a {ystiHQyCOSQy} "
= ysin®ydy = —_
0

a \nmw 4 4 8

= nQZ_Q {nf - COSSnW + 8] = (Independent of n.)

0

2 a 2 3 nm
(%) = */ 22 sin? (ﬂx) dr = - (i) / y? sin? y dy
a Jo a a \nmw 0

= 2a> {yS _ <y2 _ 1> sin 2y — ycos2y}nﬂ
0

(nm)3 | 6 4 3 4
:(ii; [(ng)?’_mrcoz(Znﬂ')}: 2[;_2(7;)2}
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d
(p) = m% = (Note : Eq. 1.33 is much faster than Eq. 1.35.)

(Y e (55
:(—rﬂ)( QmE )/w ¥ndz = 2mE, = (Tﬁ)z

03=<x2>—<x>2=a2(§—2@1177)2‘i):f(é‘m?ﬂ?>; =3 %‘<m>2'

=
NEREE

3
3
>
N | S

op = (p*) — (p)? = <)2; op=T0 N g, =

The product o,0), is ’smallest for n = 1;|in that case, 0,0, = (1.136)h/2 > h/2. V

Problem 2.5
(a)
|2 = U W = [AP (¢} + 03) (V1 + o) = AP [T 1 + e + i + 3bs).

1= / U2 dx = | AP / 60?5 + 0591 + ol = 2 A2 = [A = 1/v/2.

(b)
1 ; E,
Wi, t) = = [tre e ] (bt 2 = )
2 I
_ L 2 7 —iwt 2m —idwt 1 iwt —3iwt
= 2\/;[sm( x) —l—sm(ax)e ]— \/66 sm( )—!—sm T
[ (z,t)|]* = 1 sin? (zx) + sin <zx) sin 2—7733 (7% + €¥") + sin® Q—Wm
’ a a a a a
RNy . o f2m . T . [2m
=\a {sm (E$) + sin <ax) + 2sin (ax> sin (ax) cos(3wt)] .
(c)

(x) :/z|\l'(x,t)|2dx

1 [ 2 2
= f/ T [Sin2 (Kx> + sin? (ﬂ—(E> + 2sin (Ix> sin (Tm) cos(3wt)} dx
a Jo a a a a
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a 2 i (27 27 @ 2 a
/ xsin® (Ex) do = |2 - vsin (Fa) _ cos (o) =2 =/ wsin? ( 22 da.
0 a 4 4 /a 8(m/a)? o 4 0 a

Il
N
| p— |
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wn
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1 [a? a® a® 1 8a?
=3 |:7T(COS(7T) — cos(0)) — 9?(005(371') - COS(O))] = (1 - 9> = on2
1[a? a® 1642 a 32
Ax) = p [4 T o2 cos(Swt)] =13 {1 ~on? cos(3wt)].
. 32 /a 3m2h
Amplitude: 92 (§> = 0.3603(a/2); angular frequency: | 3w = 2

(d)

(p) = M= =m (%) <—93:2) (—3w) sin(3wt) = % sin(3wt).

(e) You could get either ’ Ey, = 7h?/2ma® ‘ or ’ By = 2r%h% /ma?, | with equal probability | P, = Py = 1/2. ‘

So (H) 1(E + E») smeh” it’s th f By and E
=19 =1 n .
0 o1 2 Tma? s the average of E; a S
Problem 2.6
From Problem 2.5, we see that
Y(z,t) = ﬁe”“’t [sin (Zz) + sin (2£z) e 3@lei?];

W (z,t)]* =| L [sin® (Z2) +sin® (Z2) + 2sin (Z2) sin (Zz) cos(3wt — ¢)];

a a

and hence | (z) = % [1 — 2% cos(3wt — ¢)]. | This amounts physically to starting the clock at a different time

T 9n2

(i.e., shifting the ¢ = 0 point).

If ¢ = %, so U(xz,0) = A[th1(x) + itpa(x)], then cos(3wt — ¢) = sin(3wt); (x) starts at g.

If g = m, so ¥(x,0) = A[tp1(x) — ()], then cos(3wt — ¢) = — cos(3wt); (x) starts at ;(1 + 93:2)
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Problem 2.7
¥(x,0)
Aa/2
N
(a) an a ’7x
a/2 a 3 a/2 N3 |@
1:A2/ xQda:—&—AQ/ (a—x)de:AZ[x _(a—2) }
0 a/2 3 0 3 a/2
:Az<a3+a3>:A2a3:> 423
3\8 8 12 V&
(b)
22 a/2 a
Cp = \/>\/§|:/ xsin (maj>dm+/ (a—x)sin (m$>d$:|
aay/alJo a a2 a
G () e (ol
= — — | sin{ —z | — —cos| —=z
a nmw a nw a 0
e (L (G o () - ()= ()]
+a| — —cos| —=x —|{— ) sin|—x)——)cos| —=x
nr “ a/2 nr a g a a/2
_26[(a 'L (e @ ey @ e
T a? nm 2 7 2 - 2
2 nm a? a?
+<> Sln(2)+ S'I’L?T—iﬂ_ ? :|
_2\/62ﬂ2( . (nm _4\/6 (T 0, n even,
_72 7(7”)2 sin | == ) = ()2 s 5 ) = (—1)(”—1)/2(i‘7{)62,n0dd.
4\/6 2 1 nm . n27('2h2
=Y,/ Z _1\(n=1)/2 = 7 —iEnt/h _
So | ¥(z,t) 2 an=§5 (-1) 3 sm( . x)e , | where E,, S
(c)
5 16-6
P = |e* = =~ =[0.9855.
Vs
(d)

H) = 712En* - — — — = - =
(H) =" leal [ tETmtm S =

G S WO WS W W Lo L
w4 2ma?

72 /8
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Problem 2.8
(a)

A, 0 2; a/2 2
W(z,0) =4 VT <a/Z 1:A2/ de = A%(af2) = | A=/ Z.
0, otherwise. 0

(b) From Eq. 2.37,

Py = e =] (2/7)? = 0.4053.

Problem 2.9
- h? o2 h? 0 h2

a

/\I/(x 0)*H(z, O)dx—AQm/ a—:v)dx—A2h2 ( x_xg)

2 3/ o
_ 2 K2 a aj’ 30 h2 5h2
o m 2 3) a®m6 | ma?

(same as Example 2.3).

Problem 2.10
(a) Using Egs. 2.47 and 2.59,

/4
ayiby = ( h— +mwx> (—mw) e~ B
mh
1/4 mw Cmw 2 1 mw\ 1/4 Cmw_ 2
( ) { ( ) 2x + mwx] e 22 = (—) 2mwze” 2n T,
2h 2hmw \ Th

1/4 d mw 2
2 — —h— ~—2r
(ay)“%po = 2hmw ( ) 2mw ( hdx + mwx) xe

1/4
( [ (1 — xm—Qa?) + mwmz} e BT — (ﬁ) / <2mwx2 — 1) e~ B’

2h
Therefore, from Eq. 2.67,

1 1 1/4 /2 mw 2
o = ﬁ(a+)2¢o 7 (mw) (mwa — 1) e" I
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(b)

N
N

(c) Since 1y and 1o are even, whereas 11 is odd, [¢§¢1dz and [ 311dx vanish automatically. The only one
we need to check is [ ¢3¢ da:

/7/121/106156 f”m;:/ < 1)e%w$2dx
T
= \/2></ e~ dy — me/ xle” dx>
wh
wh 2mw h wh
e

Problem 2.11

(a) Note that vy is even, and t; is odd. In either case [¢|? is even, so (z) = [z[¢|*dx = Therefore
(p) = md(x)/dt = (These results hold for any stationary state of the harmonic oscillator.)

From Egs. 2.59 and 2.62, 1 = ae€/2, ¢ = v2a&e ¢ /2. So

n=0:
<x2>:a2/:x26—52dx:a< )3/2/ e de = f<)f %
() e [
T e e sy [
n=1

oo 3/2 oo
2 _ o2 202 —¢2, o of N 4 ez, 20 3w | 3h
=2 do = 202 [ —— s = _ .
(2%) =2a /_Oox &e v (mw) /_Oo5 ¢ d Vrmw 4 2mw

= —h*2a%,/ % /_00 g€/ [j; (5652/2):|df

_ _27\7};}1 00 (54 B 352)6_52(15 _ _2n\;<i)h< S — 3f> 3m77w.
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(b) n=20:
h mhw
= V(@2 — (@) =[5 5 o = V%) = 0)* =/ 5
h mwh | . . o
920p =\ 5 A5 = 5 (Right at the uncertainty limit.)v’
n=1
3h /3m h
Oy = Qmw Og0p = 5 v
(c)

Problem 2.12

From Eq. 2.69,
h (ay +a.) . [hmw
a a_ =1
2mw o P 2

[ h
— %/w;’;(mr—i—a,)wndx.

a+wn = \/mwn+lv a_t, = \/ﬁd)n—b

((l+ - (1_)7

xr =

SO

But (Eq. 2.66)

So
(x) = % {\/m/lﬁm/}nﬂ dr + \/ﬁ/iﬁ;d}nﬂ dx} =[0] (by orthogonality).
(p) = m% = z? = ZTZw (ay +a_)? = %(ai +aja_ +a_ag +a*).
(2?) = % /w;(ai +aja_ +a_ay +a’)Y,. But
aiwn = aJrgV n+ 1wn+1) =vn+1lvn+ 2"/’n+2 =V (n + 1)(” + 2)"/’n+2'
ata_t, = a4 \/ﬁ"/}nfl) = \/ﬁ\/ﬁ"/}n = np.
a_asth, =a_ (\/n + 11/}n+1) =/n+1)vn+ 1, =n+1)Y,.
a2—wn =a— (\/5%—1) =Vnvn —1¢,_o = (n — D)nypp_a.
So

h h 1\ &
<x2>:m [04—71/¢n|2das+(n+1)/|z/)n|2dx+0] :%(Qn—i-l): (n+2>mw'
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5 hmw hmw

p°=— 5 (a+—a_)2:_ 5 (ai—a+a_—a_a++a2,):>
1
<p2>:_hmTw[O—n—(n-i-l)—i-O]Zm@n—i—l): (n—l—z)mfw.

(T) = (p/2m) = ;<n+ ;)hw .

<%—\ﬁﬂ>—wv—vg+;¢£b o0 = VI T = n+;me;aw¢—QH;>m>Z/

Problem 2.13

(a)
1:/W@mmwwwj@mﬁuwmﬁnw%+mwmm
— [AZ(94+0+0+16) = 25/A]> =
(b)

Wi, ) =  [Bu()e B/ 1 a (2)e ] = 2 [Bun(e)e Y2 4+ g (w)e )

(Here 1o and v, are given by Egs. 2.59 and 2.62; Ey and E; by Eq. 2.61.)

@ (. )]

275 |:9’l/)g + 12¢0w162wt/26731wt/2 + 12w0w1€71wt/2e3zwt/2 + 16w%i|

= % (993 + 1697 + 249y cos(wt)] .

(With 42 in place of ¢ the frequency would be (Ey — Ep)/h = [(5/2)fw — (1/2)Aw]/h = 2w.)

(c)
(x) = % [9/:@3 dx + 16/1‘1#% dx + 24 cos(wt) /wz/)owl daz} .

But [zy¢dx = [x¢? dx =0 (see Problem 2.11 or 2.12), while

mw [ 2mw _mwg? 2 rmw 00 e,
/m/}owl dx = \/g\/?/xe 50 e B dy = p (—h )/_OO 22 g
3
2 rmw 1 h h
- - Y 2 2 - — = —_—
7T( h ) ﬁ (2 mw) 2mw

So

24 h d 24 [mwh

(z) = 2\ 2 cos(wt);| (p) =m—(z) = 5 5 sin(wt).
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(d) You could get | Ey = 3hw, |with probability [co|? =|9/25, |or| By =

Ehrenfest’s theorem says d(p)/dt = —(0V/dx). Here
dip) 24 [mwh 1 L, v,
prala wcos(wt) V= W et = 5 = W

—<%> = —mw?(z) cos (wt) Tww cos(wt),

with probability |c1|* = | 16/25.

SO

so Ehrenfest’s theorem holds.

hw

[SJ[SY

Problem 2.14

The new allowed energies are E/, = (n + %)hw/ = 2(n + %)hw = hw,3hw,5hw,.... So the probability of
getting 17w is The probability of getting hw (the new ground state energy) is Py = |cg|?, where cg =
J ¥ (x,0)¢ dz, with

So

U(2.0) — _(mw\ /4 _me g2 ;o m2w 14 Cm2w 2
(%)*%(@*(ﬁ) e T q(x) = —h e 2T

—21/41/’”‘”/ e a® dx—21/4,/ 2f _2h :21/4\F.
wh 3mw 3

Therefore

2
Py = g\/5 = (.9428.

Problem 2.15

mw\ /4 2 mw [ 2 mw h > 2
= (M) 7 €2 P:Q,/—/ €y :2,/—\/—/ € e,
Yo (ﬂ'h) ¢ ) 50 7h Jg, ¢ mh V mw Je, e d

Classically allowed region extends out to: 2mw 13 =FEy= hw, or xg = \/M= so & = 1.

= %/ 67£2d§ = 2(1 — F(v/2)) (in notation of CRC Table) =
T J1

Problem 2.16

i _ _—2(5-1) Y SR _ _—2(5-3) _ 1. _ 4 c_ _
n=>5: ] = 1= az = mal = 75(11,] =3 = as = mag = 75@3 = 15@1, =5= a7 = 0. So
H5(&) = a1& — §a1§3 + %alff) = 7+(15¢ —- 203 + 4€°). By convention the coefficient of ¢° is 2°, so a; = 15 - 8,

and | Hs(€) = 120¢ — 160¢° + 32¢°

(which agrees with Table 2.1).

n==6:7=0= a = 7(04_1(;(02)2) = —6ap; ] =2 = a4 = 7(2“()6(2?2) = *%(12 =4dap;j =4 = ag =
% —12—5614 = 185a0, j=6=ag=0.So Hg(&) = ag — 6ao€? + 4ap&* — %gﬁao. The coefficient of &6

is 20,50 20 = —%ag = ap = —15 -8 = —120. \H6(§) = —120 + 720£% — 480&* + 64£6.
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Problem 2.17

(a)
2
d%(‘f_fZ> = 267, (jf) et = jé( 26e™) = (—2+46%)e ¢
d\* - d ) ) g2 o
(dg) ¢ = d[ o) €| = [se+ o4t ><—2§>]e € = (196~ 86%)e ¢
d\' - d 2 2 3 -2 2 ZAge
<d£> e s = i {(12§—sg et } = {12—245 + (126 —8¢ )(—25)}6 & = (12-48¢2 +16¢%) e
4
e = () < Jmie = (i) o =[]
(b)
Hs = 26Hy — 8H3 = 26(12 — 48¢2 4 16£%) — 8(—12¢ + 8¢3) = ] 1206 — 16063 4 326°. \
Hg = 26Hs—10H, = 2£6(120€ — 16063 +326%) —10(12—48£% +16£*) = ] —120 + 720€% — 480&* 4 64£6.
(c)
dH;
G = 120 — 480€2 + 160&* = 10(12 — 48¢% + 16¢*) = (2)(5)Hy. v/
dHg
U - 1440¢ — 19207 + 384£° = 12(120¢ — 160> + 32¢°) = (2)(6)Hs. v/
(d)

d
() = (22 4 26)e T T setting 2 = 0, | Hy(€) = 2¢.
z

d ? —z2 2zE\ __ d —2242z¢

= {2+(22+2§)2]e

{[—2+( 2z + 2€) ] —22+225}

d ’ —z E13 d
() €=
{ —22 4+ 20)( [ —2+ (=22 + 25)2] (—2z + 25)}6—22“25;

setting z = 0, Hs(€) = —8& + (—2 + 4¢2)(2€) =

Hy(&) = —2+4€%
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Problem 2.18

Ae*® 4 Be™™*® — A(coskx + isinkx) + B(cos kx —isinkz) = (A + B) cos kx 4 i(A — B) sin kx
= Ccoskz + Dsinka, with |C = A+ B; D=i(A - B).|

2 21

ikx —ikx ikx _ —ikx 1 ) 1
Ccoskx + Dsinkx = C (e—i—e) +D (e_e) = 5(0 —iD)e*T 1 5(0 +iD)e "k
A

, , 1 1
= Ae™*® 4 Be ™% with |A = 5(C —iD); B = 5(C +iD).

Problem 2.19
Equation 2.94 says ¥ = Aei(k$*%}fft), SO

_ih ov* ov 2 [ i(ha—nE2 1) i(kr— B2y i(ka— kD) i(ka— 1k 1)
J—2<\I/ - 83@) \A| [ B t) (—ik)e : e s t) (i) i (ko= 5 ]

= 4 ainy =| MF .
2m m

It flows in the positive (z) direction (as you would expect).

Problem 2.20

(a)

— an inTr/a 7’LTL7TI/G, — bn intr/a —inmz/a
n=1 n=1
3 a b ) ‘

_ Yn “n znﬂ'a:/a —inmz/a

ot 3 (gt )emmiea 30 (<5 ) e,
n=1 n=1

Let

co = bo; cn:%(—ian—&—bn)7 forn=1,2,3,...; an%(ia,n—i—b,n), forn=-1,-2,-3,....

Then f(x Z cne™™/e QED

n=—oo

(b)

/ f( ) —Mn‘n'ac/adx _ Z / z(n—m)ﬂz/adx. But for n# m,

—a n=-—o0

a ei(nfm)Tr _ efi(nfm)ﬂ' (_1)n*m _ (_1)n7m

- iln—m)r/a - iln —m)r/a =0,

a i(n—m)rz/a
/ ez(nfm)mr/adx _ 6
iln—m)m/a|_,

—a
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whereas for n = m,

/ eln—mme/ag, — dr = 2a.

a

—a

So all terms except n = m are zero, and

’ i 1 /[ .
f(m)efimﬂ'z/a = 2ac,,, SO ¢, = %/ f(ﬂf)eﬂnﬂz/adx,

7 QED
(c)
ﬂw7§; SR = o= ST Pk AL,
where | Ak = g is the increment in k from n to (n + 1).

2 1 [ . 1 e .
= \/;aza 9 f(z)e *edy = N f(z)e~*dy,

(d) As a — oo, k becomes a continuous variable

> ikx . 7i > $67iw$
fa) = o= [ P Bl = —= [~ fa)e .

— 00

Problem 2.21
()

[eS) 00 —2ax |
1 :/ W (z, 0)[2dz = 2|A|2/ e~ 207y = 2|A|26
0

2

(b)
o(k) =

efa\z|efzkz dr =

vl

The cosine integrand is even, and the sine is odd, so the latter vanishes and

= 2\/—27/ T coskxr dr = \/7/ e~ (kT 4 e*““) dz

) i ) i A (ik—a)l‘ e—(ik—i—a)x
— / (e(zk—a)x + e—(zk+a)w)dm — +
V2 Jo Vor | ik—a —(ik + a)

A -1 n 1 A —ik—a+ik—a a 2a
 Vor\ik—a  ik+a) \or —k2 — g2 V2

- m k2 4+ a2’

oo

(c)

m/ e~ (cos ka — i sin kx)dz.

1 fa® [~ 1 a2 [ 1
i} 1) = o —— l(kw— - t)dk _ / i(kx—5-t)
() Vor V 2rm /_Oo K2 +azs ’ T ) oo K2t a2’

zm Y dk.
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(d) For large a, ¥(z,0) is a sharp narrow spike whereas ¢(k) = /2/ma is broad and flat; position is well-
defined but momentum is ill-defined. For small a, ¥(x,0) is a broad and flat whereas ¢(k) = (\/2a3 /) /k?
is a sharp narrow spike; position is ill-defined but momentum is well-defined.

Problem 2.22
()

o 2 ™ 2a 1/4
1= \A|2/ 20" dy = |A\2,/%; A= (W> .

(b)
/_OO o~ (az®+ba) g, _ /_OO e—y2+(b2/4a)% dy = %€b2/4a N e Vdy = /gebz/%.

P(k) = LA/OO e~ gmikT gy — 1L (2 v \/?e—k2/4a _ #e—lﬁ/%
- Vor ) s B V2r \ T a B (27ra)1/4 )

1 1 e 2 . 2
I t) = —k*/4a i(kx—hk“t/2m) dk
(f]fa ) /7271_ (277@)1/4 [m € e

e—[(ﬁ+iht/27n)k2—imk]

1/4  _az? ihat/m
1 43 o= /A it /2m) (2a> e /(1+2ihat/m)

V2m(2ma)l/4 | L+ iht/2m ™ 1+ 2ihat/m

(c)
2a e—azz/(1+i€)€—azz/(1—i6)

™ /A +i0)(1—1h)

Let 0 = 2hat/m. Then |¥|* = . The exponent is

B 0/372 B axZ _ _a$2 (1 —i0 + 1 + 29) _ _20“1.2 ' ‘ |2 _ 2£e—2ax2/(1+92)
(1+i0) (1—1i0) (1440)(1 —40)  1+62’ T JVI+6Z

2
Or, with w = : _’(_192, W% =/ Zwe 2*"*" | Astincreases, the graph of |¥|2 flattens out and broadens.
\ m

w2 W

/\

\ X X
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(d)
o 2 . d<LE>
(r) = 2|W|2dz = [0] (odd integrand); (p) = m=- =
2 o 2 2 2 1 e 1 © 92y
AN 2 2wz _ .12 _ 2\ _ 52 *
(z%) = 7Tw/_ooac e dx \/;w4w2”2w2 e (p*) h /_OO\I/ ) dzx.
1/4
. o b2 _(2a 1 __a
Write U = Be ,WhereB<ﬂ_) ﬁ—kz‘&andbil—l—w'
0% 0 2 2
—— =B~ (—2bze " ) = —2bB(1 — 2bz%)e """,
0z oz ( bre ) bB( bz%)e
0%y 2 a a 2a
* - _9 321_2 2\, —(b+b" )z~ * — -9 2.
FEe] b|BI*(1 — 2b27)e DbV =t T s T 2
2a 1 2 82\11 2 2 2
32: - :\/7. P* :_Qb\/7 1—2b2 —2ww.
|BI* =4/ e —w So 92 71_w( x®)e
2 2 2 > 2\ —2w?z?
(p*) = 2bh*y [ —w (1 —2bz")e dx
™ —0o0
2 ™ 1 s b
=2 2\/> — 2% [ | =20h% (1 - — ).
bn ww( 2w? b4w2 2w2> bn ( 2w2)
2 s .
But 1— b2:17 a. 1+0 :17(1 u‘)):l+10 g,so
2w 14140 2a 2 2 2
1
<p2>:2bh2% : UIZ%7 ap:h\/&.
()
1 h h h
= — = — 2 = — 2 > —.
020 = 5-hv/a 2¢1+9 5 V1+ (2hat/m)?? > 2. v

Closest at at which time it is right at the uncertainty limit.

Problem 2.23

(a)

(—2)% = 3(=2)24+2(-2)—1=-8—-12—-4—1=|-25.
(b)

cos(3m) +2 = —1+2:
(c)

@ (z = 2 is outside the domain of integration).
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Problem 2.24

Ife>0,y:—o0— o0.
Ife<0, y:00— —00.

(a) Let y = cz, so dx = %dy. {
o0 ¢ oo Fy/e)d(y)dy = £ f(0) (¢ >0); or
/ f(x)é(cx)dx = {
- T f/edy)dy = —¢ [T fy/e)s(y)dy —%f(o) (¢ <0).

In either case, /_00 f(x)o(cx)dx = %f(O) :/OO f(z )| | d(z)dz. So d(cx) = (5( ). v

el
(b)

/ flz )d0 dx = f9’ - / 3f Odx  (integration by parts)

= foe) = [ Lo = foe) = 1)+ £0 = 10 = [

So df/dx = 6(x). v [Makes sense: The 6§ function is constant (so derivative is zero) except at = 0, where
the derivative is infinite.]

Problem 2.25

2
w(x) _V mao —malz|/h? _V mao efma:v/h ) (CE > 0)7
h h

€ emowlc/fiz7 ($ < O)

(x) = 0 (odd integrand).

00 2 \3 4 2

2\ _ 22102 2 —2max/h? Qma h _ _h
= de = 2% dx 2 = g — .
) [oo i h? / v h? 2ma om2a2’ 7 V2ma

—map—mox/hT (g >
@ _ ma { e, >0>}:(m>3[_9(@6mm/hzw(_z)em/ha].

&R | magmes (p<0) h

d*y Vma s :  ma 2 :  ma 2
_ _ —maz/h —max/h* _ 5/ maox [k o max /R
7n2 ( A > [ d(w)e + 7 6(x)e §(—x)e + 73 6(—x)e ]

= (V) [ty ot

In the last step I used the fact that §(—x) = d(z) (Eq. 2.142), f(x)d(x) = f(0)d(z) (Eq. 2.112), and §(—x) +
0(z) =1 (Eq. 2.143). Since dy/dx is an odd function, (p) = 0.

2 3 e’}
p?) = —h2/ wd w _ﬁ@ (\/m@) / o—male|/h? [—2(5(3:) N %e—malw\/hz] "

h
_(ma mo [ —9maw/ K2 o (man? _ma K2 _ (Mo 2
_<h){2 2h2/0€ dx} 2<h)[1 h22ma_(h)'
Evidently
0 =" 50 oun =Tl B
p — B z0p = \/»mah
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Problem 2.26

Put f(z) = d(z) into Eq. 2.102: F(k) = \/% /00 §(z)e ke dy =

5
:].

..f(x)—é(x)—m/_oome dk 277/ ¢k k. QED

— 00

Problem 2.27
(a) A V(x)

-a a

(b) From Problem 2.1(c) the solutions are even or odd. Look first for even solutions:

Ae™r® (x > a),
W(x) = B(e"™ +e ") (—a <z < a),
Aef® (x < —a).

Continuity at a: Ae™"* = B(e"® 4+ "), or A = B(e*** +1).
dip 2mao

Di ti derivative at @, A— = -~ .
iscontinuous derivative at a, e 2 ¥(a)
A —Ka B( Ka —/-ca) QTTZOZA —Ka = A—|— B( 2ka 1) 2maA
—RKAE — KRe — Ke = — (& (& — = , Or
h? h2r
2ma 2ma 2ma 2ma
2Ka _ _ 2Ka 2Ka _ _2kKa
1 2mo 2ma ., h°k T —ona  PPE 1
= — — ; — = e orle = — —1.
h2k h2k " ma ’ mo

This is a transcendental equation for k£ (and hence for E). I'll solve it graphically: Let z = 2ka, ¢ = %,

so e~ % = cz — 1. Plot both sides and look for intersections:
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From the graph, noting that ¢ and z are both positive, we see that there is one (and only one) solution
(for even ¢). If o = 2?71’ so ¢ = 1, the calculator gives z = 1.278, so x? = fQ%E = (2’2)2 = F =

—W(’*):—ozm(hz )

8 ma? maZ2

Now look for odd solutions:

Ae™r* (x > a),
P(x) =< B(e™ —e ") (—a <z < a),
—Ae"® (x < —a).

Continuity at a : Ae™"* = B(e" — ™), or A = B(e** —1).

2 2
Discontinuity in ¢’ : —kAe™ " — B(ke"* + ke ") = —%Ae‘m = B> +1)=A (hﬂ;a - 1) ,
K
2ma 2ma 2ma
2Ka _ 2Ka _ _2ka
L=l ‘”(m‘l)—e (nzm*)‘m“’
1 2ma 2ma —2Ka hz/i 1 —2Kka —2kKa 1 h2:‘<& —z 1
=—-1- s —=1—¢ ,le =1——,|lore ?=1-caz.
2k 2k " mao mao

>

! 1/ I/ z

This time there may or may not be a solution. Both graphs have their y-intercepts at 1, but if ¢ is too
large (a too small), there may be no intersection (solid line), whereas if ¢ is smaller (dashed line) there
will be. (Note that z =0 = k = 0 is not a solution, since 9 is then non-normalizable.) The slope of e~*
(at z = 0) is —1; the slope of (1 — cz) is —c. So there is an odd solution < ¢ < 1, or o > h%/2ma.

Conclusion: ’ One bound state if a < h?/2ma; two if o > h?/2ma. ‘

Even Odd
oo 1 [Bven:iem =32 —1 = 2 =221772
" ma T 92°10dd: e F=1-— %z = z = 1.59362.

E = ~0615(h /ma®); E = ~0.317(1% /ma?).

h2
o= =c=2 Onlyeven: " =22-1=2=0738835 |F= —0.0682(h? /ma?).
ma
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Problem 2.28

Aetkt 4 BemkT (p < —q)
=1 Ce* 4 De=™* (—q <z <a) y. Impose boundary conditions:
Fetkz (x > a)

(1) Continuity at —a : Ae~**? 4 Be'k@ = Ce~*? 4 De'*® = 3A + B = C + D, where ( = e~ 22,
(2) Continuity at +a: Ce*® + De~*a = Feika = F = C' + 3D.

(3) Discontinuity in ¢’ at —a : ik(Ce~"*® — De'*@) — jk(Ae~*e — Betke) = —2ma(fe~ike 4 Betka)
= BC — D = B(y+1)A+ B(y — 1), where v = i2ma/h?k.

(4) Discontinuity in ¢’ at 4+a : ikFe*® — ik(Ce*® — De~ke) = —2ma (peike)

= C-pD=(1-7)F

add (2) and (4) : 20=F+(1—-7v)F =20=(2-9)F.

To solve for ¢ and D, { subtract (2) and (4) : 28D = F — (1 —4)F = 2D = (v/B)F.

{ add (1) and (3) : 26C = A+ B+ B(y+1)A+B(y—1) = 2C = (y+2)A+ (v/6)B.
subtract (1) and (3): 2D =BA+B—-(B(y+1)A—-B(y—1) =2D=—y8A+(2—~)B.

Equate the two expressions for 2C : (2 —v)F = (y+ 2)A + (v/3)B.
Equate the two expressions for 2D : (y/8)F = —vBA+ (2 —v)B.

Solve these for F' and B, in terms of A. Multiply the first by 8(2 — v), the second by 7, and subtract:

[B2—7)°F =84—-7)A+~2-7)B]; [(V*/B)F =-py*A+~(2-7)B].

F 4
= [8(2-7)?—7*/B|F=B[A-++7*]A=4B8A= — = .
(82— =7*/B] F =B[4—"+77] PA= =GP
N Wk i e i F 4g?
Letg:z/'y—%, ¢:4ka, SO’)’—;,ﬁ =e . Then: Z—W

Denominator: 4g? — 4ig — 1+ cos ¢ + isin ¢ = (49> — 1 4 cos ¢) + i(sin ¢ — 4g).

|Denominator|? = (4g% — 1 + cos ¢)* + (sin ¢ — 4¢)?
=16g" 4+ 1 + cos® ¢ — 8¢9 — 2cos ¢ + 8g* cos ¢ + sin® ¢ — 8gsin ¢ + 164>
= 16g" + 8¢ + 2 + (8¢ — 2) cos ¢ — 8gsin ¢.

2 1 2

8¢ 2k
= h = d ¢ = 4ka.
(8g* +49% + 1)+ (492 — 1) cos ¢ — 4gsin ¢’ where g o ¢ “

Problem 2.29

Fe " (x> a)
In place of Eq. 2.151, we have: ¢ (z) = ¢ Dsin(lz) (0 < z < a)
—p(=z) (z<0)

Continuity of ¢ : Fe™"* = Dsin(la); continuity of ¢’ : —Fre™"* = Dl cos(la).

2

Divide: — k =lcot(la), or — ka =lacot(la) = /25 — 22 = —zcotz, or | —cotz = +/(20/2)%? — 1.
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Wide, deep well: Intersections are at m, 27, 37, etc. Same as Eq. 2.157, but now for n even. This fills in the
rest of the states for the infinite square well.

Shallow, narrow well: If z; < 7/2, there is no odd bound state. The corresponding condition on Vj is
272

Vo < ——= = no odd bound state.
8ma?

A

> Z

Problem 2.30

1:2/ |w|2d$:2<|D|2/ C082 l$d$+|F|2/ e2najdx>

0 0 i

= o e (—Lle)|T] 2 o (a  sin2la e
_2{|D| <2+4l51n21x> 0-|-|F| ( S ) }—2{|D| <2+ £ 1) sl

in(2! 2(1
But F = De" cosla (Eq. 2.152), so 1 = |D|? (a—i— sin(2la) + 2 ( a)) .

21 K
Furthermore k = [tan(la) (Eq. 2.154), so

2sinl l 31 l
1=|D]?(a+ e - |D|? |a+ cond (sin? la + cos? la)
21 Isinla [sinla
1 1 1 e cosla
P S Y O S e Wy ) P
D] ltanla D] K Va+1/k Va+1/k

Problem 2.31

Equation 2.155 = zg = £v/2mVy. We want o = area of potential = 2aVj held constant as a — 0. Therefore
Vo =355 20 = %\/Zm% = %\/maa — 0. So zp is small, and the intersection in Fig. 2.18 occurs at very small

z. Solve Eq. 2.156 for very small z, by expanding tan z:

tanz & z = +/(20/2)2 — 1 = (1/2)4/ 23 — 22.

Now (from Eqgs. 2.146, 2.148 and 2.155) 22 — 2% = k2a?, so 2? = ka. But 22 —2? = 2 < 1 = 2 = 2y, so ka = 22
But we found that zg & %\/maa here, so ka = h—lzmaa, or K = . (At this point the a’s have canceled, and
we can go to the limit a — 0.)

/_2 E 2.2 2
Tm = % = —2mkFE = mh;)[ B = —% (which agrees with Eq. 2.129).
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InEq.2.169, Vo > E =T ' ~1+ 4?;0 sin? (%“\/Qm%) . But Vg = 5=, so the argument of the sine is small,
2

and we can replace sine by e: 77! 21+ 12 (%)2 2mVy = 1+ (2aVo) 5755 But 2aVp = a, so T7! =1+ 2o,
in agreement with Eq. 2.141.

Problem 2.32
Multiply Eq. 2.165 by sinla, Eq. 2.166 by %cos la, and add:

C'sin®la + Dsinlacosla = Fe'**sinla o ika | ik
Ccos?la — Dsinlacosla = %Fe“m cosla C=Fe sinfa + T cosla .
Multiply Eq. 2.165 by cosla, Eq. 2.166 by %sin la, and subtract:

C'sinlacosla + D cos?la = Fe* cosla

_ ika _ ﬁ :
Csinlacosla — Dsin?la = %Fe“m sinla } D=Fe [COS la ;o la] ’

Put these into Eq. 2.163:

(1) Ae~ @ 4 Beika = _ peike [Sinla + ZT cos la] sinla + Fe'*® |:COS la — ZT sinla] cosla

= Fe'ke [cos2 la — ZT sin la cosla — sin? la — ZT sin la cos Za}
. 13
= Fethe {cos(%a) - 27 sin(2la)] .

Likewise, from Eq. 2.164:
(2) Ae~ha _ Betka — —%Fe“w (sinla + ZT cos la) cosla + (COS la — ZT sin la) sin la}

il ik ik
= fZ—Fe“m sinla cosla + " cos? la + sinla cosla — " sin? la}

k | l !
il ika [ : ik ika il :
= _EFB sin(2la) + T cos(2la)| = Fe'™ |cos(2la) — T sin(2la) | .
. . ko1
Add (1) and (2): 24e~ e = Fethe [2 cos(2la) — i <l + k) sin(ZZa)] , Or:
e—2ikaA
= naia) (confirming Eq. 2.168). Now subtract (2) from (1):
cos(2la) — zmr;(Ta(kQ +12)
, 4 Ik in(2!
2Betkt = petka [z (k — l> sin(QZa)} = B = Z,sm2(kla) (I? — k*)F (confirming Eq. 2.167).
AP sin(2la), 5 o] 9 sin?(2la) 5 9
T = F = COS(ZZG,) —1 le (k +l ) = COS (2[@)+W(lﬁ +l ) .
But cos?(2la) = 1 —sin?(2la), so
k2 12 2 k2 _ 12 2
Tl =1+ sin2(2la)[ ((2;:)2) —1 =1+ Wsnﬁ(zza).
—_——
Gz KA+ 2R202 41— ak202] = sy [~ 2202 414)= ““(22;;)2;2 .
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vV2mE v2m(E + V¢ 2 2
But k = 7m7 l L—Fo); so (2la) = %x/Qm(E—&—Vb); K212 = — mVo

oo h o
Gt 0 N G- M. A /
(K1?* 4 (2m)?EB(E+V,) ABE+W)
'T’1*1+V702$in2 2a 2m(E +Vp) |, confirming Eq. 2.169
St T T UEE W) I o) & B 220

Problem 2.33
Ae’tT 4 Be~*® (1 < —a) —
Beve - { Cors e } o VI, ol = E)

(ra<z<a) Pt
Fetkz (x > a)

(1) Continuity of ¢ at —a: Ae™"*® + Be'ka = Ce™" 4 Der?.

(2) Continuity of ¢ at —a: ik(Ae~"** — Bet*®) = k(Ce™"% — De"9).

= 24e~ ke — (1 - zg) Ce " ¢ (1 + zg) Dee.

(3) Continuity of ¢ at +a: Ce"® + De™"% = Fetka,

(4) Continuity of ¢ at +a: r(Ce"® — De™"%) = ikFe'*e,

= 2Ce"* = <1 + Z) Fetka,  9pe=re = <1 - Z) Fetka,
K K

) . ik . —2Kka . ik ) 2ka

2 Aeike — <1 - Z}:) <1 + Zﬁ) Fekel— (1 + Z;) (1 - ZH) Feike S
F ika k k

e o) e e (- 5) e

ika [ 2 _ 12
_ Fe 2 (e72" 4 €*) + %% (e* — 6_2’”)} :

2
et — e ex e %
But sinhz = ———, coshz = ;,
2 2

SO

F ika | 2 _ k2
= 62 4 cosh(2ka) + i%Z sinh(QAa)]

2 _ g2
_ ika . - (H —k ) .
=2Fe [co&h(?ma) + YR b1nh(2ma)} .

T! A cosh?(2ka) + (v — k°)° sinh?(2ka). But cosh? = 1+ sinh?, so
=|=| = ka) + —————sinh”(2xa). But cosh® = in
F (2kk)? ’
2 ?)2 Vi 2a
T =1 1 L inh?(2 =14+ —-2sinh?* (| —v/2m(Vp — E
+ [ + EIAE ] sinh*(2ka) + 1E(Ve —F) sin v m(Vo ),
—_—

*
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2
4H2k2 + ]C4 +KZ4 _ 2,%2]62 (H2 + k2)2 (TJ —+ W) ‘/02
where * = (21%]{)2 = (21%]{)2 = 42mE‘ W = 4E(VO — E) .

(You can also get this from Eq. 2.169 by switching the sign of V; and using sin(if) = isinh .)

Ae’FT 4 Be~*® (3 < —a)

E=V,. =4 C+ Dz (—ra<z<a)
Fetkz (x > a)
d*y d*
(In central region ,7W+Vow Ewéd—*O so ¢ =C+ Dzx.)

(1) Continuous ¢ at —a : Ae~*? 4 Be*® = C' — Da.
(2) Continuous ¥ at +a: Fe®*® = C + Da.

= (2.5) 2Da = Fetke — pAe~tke _ Beike,

(3) Continuous ¢’ at —a : ik (Ae~"** — Be'*®) = D.
(4) Continuous v’ at +a: ikFe’*® = D.
= (4.5) Ae7?k* _B=F.
Use (4) to eliminate D in (2.5): Ae™?*% + B = F — 2aikF = (1 — 2iak)F, and add to (4.5):

2mE o2

2
=1+ (ka)*> =|1+ =

A A
2472 — 9F(1 — ika), so T ! = ‘F

(You can also get this from Eq. 2.169 by changing the sign of V and taking the limit E — 1}, using sine & ¢.)

E > V. This case is identical to the one in the book, only with Vj — —V;. So

‘/02

2a
Tl =14+—2% __sin? | =—\/2m(E — .
+4E(E—Vb) sin (ﬁ m( V0)>

Problem 2.34
(a)
V2mE 2m(Vo — E)

KR =

R h

= { Aetkr - Be~ikr (1 < ()

o—ra (x> 0) } where k =

(1) Continuity of ¢ : A+ B = F.
(2) Continuity of ¢’ : ik(A — B) = —kF.

:A+B=—":(A—B);»A<1+f> =—B<1—ik>.
|(1+ik/k)]? 1+ (k/k)? 1]

’ (1 —ik/k)]2 1+ (k/k)?

Although the wave functlon penetrates into the barrier, it is eventually all reflected.
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(b)
[ Aetht 4 Bem T (2 < 0) _VemE o /2m(E - W)
Zb_{Fe“ (> 0) where k = 3 ;L= 5 .
(1) Continuity of ¢y : A+ B = F.
(2) Continuity of ¢’ : ik(A — B) = ilF.
;»A+B=§(A—B); A(l—?) =—B<1+I;>.
ro|Bl QR (k-0 (k-D)?
Al (L+ED2 T (R+D2 (k2 —12)2
Nowk:Q—ZQZQH—ZL(E—E+VO)= (2;;) Vo: k:—l:—v;m[\/ﬁ—\/E—Vo], s0
R_ (VE - VE=Vp)*
- 7 ,
(c)
- s
Vi Vi

v.dt v, dt
From the diagram, T' = P;/P; = |F|*v;/|A|*v;, where P; is the probability of finding the incident particle in the
box corresponding to the time interval dt, and P; is the probability of finding the transmitted particle in the

associated box to the right of the barrier.

F2

vE— FE -
But 2 = vE—V (from Eq. 2.98). So T = Yo | B . Alternatively, from Problem 2.19:
V; \/E E A
Chk o . K, . g |FPl _|F|? [E-V,
Ji= Al Je= DIER T_Ji_’A koA E
For E < Vj, of course,
(d)
k
E_q
ForE>V0,F:A+B:A+A(,{c ) 4 k%/l -y
(7+1) (F+1) ki
o |EPL_ (26 N L 4kl 4ki(k -1 [ 4VEVE - W(VE - VE - T0)
Al kT \k+l) B D2 R2—2)2 V2 ‘
_ )2 2 _ 2 2 2 2
S N ) R ot L G o S L) S
(k+0)2%  (k+1)? (k+1)? (k+1)? (k+1)?
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Problem 2.35
(a)

B Aeikm +B€_ikw (J: < 0) B 7 m
Z/J(m) - { Feila: ((L’ > 0) where k = B 9 l= f

Continuity of p = A4+ B=F .
Continuity of ¢ = ik(A — B) =ilF

A+B:§(A—B); A(1—’;>:—B(1+I;); i:—(ii%)

e[ (54 - (FeeE)

L+k VET Vo +VE
(VT W/E-1 2_<\/1+3—1>2_(2—1)2_1
\Virw/E+1)  \Vi+s+1)  \2+1) |9

(b) The cliff is two-dimensional, and even if we pretend the car drops straight down, the potential as a function
of distance along the (crooked, but now one-dimensional) path is —mgaz (with 2 the vertical coordinate),
as shown.

AV(x)

><‘V

(c) Here Vo/E = 12/4 = 3, the same as in part (a), so R =1/9, and hence T'=|8/9 = 0.8889.

Problem 2.36
Start with Eq. 2.22: ¢(z) = Asinkx + B cos kx. This time the boundary conditions are ¢ (a) = ¢¥(—a) = 0:

Asinka + Bcoska =0; —Asinka+ Bcoska = 0.

Subtract : Asinka =0= ka = jm or A =0,
Add : Bceoska=0=ka=(j— )7 or B=0,

(where j =1,2,3,...).

If B=0(so A#0), k= jn/a. In this case let n = 25 (so n is an even integer); then k = nn/2a,
¢ = Asin(nmz/2a). Normalizing: 1= [A|? [ sin®(n7z/2a)dz = |A]Pa = A=1/\/a.

If A=0 (so B#0), k= (j — 3)7/a. In this case let n = 2j — 1 (n is an odd integer); again k = n/2a,
¢ = Bcos(nrz/2a). Normalizing: 1= |BJ? [? cos?(nmz/2a)dx = |B|?a = B =1/ /.

In either case Eq. 2.21 yields E = h k2 = 2’:2?225)22 (in agreement with Eq. 2.27 for a well of width 2a).
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The substitution  — (x + a)/2 takes Eq. 2.28 to

(~1)"/2\[Zsin (%2)  (n even),
zSin EM = g sin nmr + nmy _
\/; ( a 2 > \/; ( 2a 2 ) - )(n 1)/2\/>COS (nzm) S

So (apart from normalization) we recover the results above. The graphs are the same as Figure 2.2, except that
some are upside down (different normalization).

/N /N
N VARV

cos(rtx/2a) sin(27mx/2a) cos(3mx/2a)

Problem 2.37

Use the trig identity sin 36 = 3sin@ — 4sin® @ to write

sin® (Wax) me (T‘Z) - isin (?) So (Eq. 2.28): ¥(x,0) = A 2 {31#1(@ - 1wg,(a:) .

214 4
1 4
Normalize using Eq. 2.38: |A|2a (196 + 16) = %a AP =1=|A= NeTh
So ¥(z,0) = \/%70 [3¢1(x) — 93(x)], and hence (Eq. 2.17)
W(a,t) = < [Bur(a)e P — gy (a)e B

—_

1 Es - F
| 70 |:9 1 + 1/13 - 611)1/(/)3 COS (shlt)]7 SO

<x>=/0ax|w<xt>dw—9<> L) - i(EhE)/xw Jibs ()

a/2 is the expectation value of z in the nth stationary state. The remaining integral is
2 (¢ . (7nz\ . [3nmx 1 [ 27w 4z
— zsin | — |sin | — |der = — z|cos| — | —cos | — | |dx
a Jo a a a Jo a a
2 2 @
1 a 2rx Ta\ . 2rx a dmx Ta\ . A
= - — | cos{ — )+ (—)sin[— ) - — ] cos{ — ) —|—]sin|[ —
a 2 a 2w a 47 a 47 a
Evidently then,

{2) = 190<62L> * 110 (;> - g

Using Eq. 2.39,

9\ m2h? 1\ 972h? 92 R
(H) =p1Ey +psbs = () — + (10> =

10 / 2ma? 2ma? | 10ma2’

where (), =

=0.
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Problem 2.38

2,252 9 5
(a) New allowed energies: F, = s U(z,0) = \/751n (ziE) , () =4/ =—sin (nlaE) .
a a

2m(2a)2; a 2a
on =2 [sin (Zo)sin (200) do = Y2 [ foos [(2 = 1) =] —cos [ (2 +1) ] Y da
a Jo a 2a 2a Jy 2 2 a
T
V2a (5-1)7% (E+1)7% 0
1 sm[(g —1) ﬂ B 8111[(%+1) 7r] B sin[(%—l—l) 7r] 1 3 1
Ver (-1 (2+1 o (2-1) (2+1)
_ 4+/2 sin [(% + 1) 7r] B 0, if n is even
oo (n?2—4) a :I:Tr(fbf‘/i), ifnisodd [~
cy = Q sin? (zx) dr = \/5/ 1d:L' = L So the probability of getting E,, is
a Jo a a Jo 2 V2
%, ifn=2
Py =lenl® = mpuieme if nis odd
0, otherwise

T2 h? o
Most probable: Fy = It (same as before). Probability: P, =

w2h2 32

(b) Next most probable: E; = with probability P; = 9.z = 0.36025.
T

8ma?’

(c) (H)=[V*HVUdx =2 [sin(Zz) (—’i‘i) sin (Zz) dz, but this is exactly the same as before the wall

2m dx?
m2h2
moved — for which we know the answer: -
2ma

Problem 2.39

(a) According to Eq. 2.36, the most general solution to the time-dependent Schrédinger equation for the
infinite square well is

‘I’(x,t) — Z ann(x)e—i(n%rQh/Qmaz)t.
n=1

n?m2h n?m2h 4ma? 9
Now 1 = 5 = 2mn“, so e
2ma 2ma? wh

an integer, e=2™" = 1. Therefore U(z,t + T) = U(z,t). QED

(02 2 2 (22 2y, 2 . .
i(n m h/2ma”)(t+T) _ e i(n“w“h/2ma )te i27n , and since n? is

(b) The classical revival time is the time it takes the particle to go down and back: T, = 2a/v, with the
velocity given by

1 2F 2
E:§mv2:>v: E:> T.=a fm
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(¢) The two revival times are equal if
4ma® . 2m or B m2h? _ B
N E’ - 8ma? 4

7h

Problem 2.40
(a) Let Vo = 32h%/ma®. This is just like the odd bound states for the finite square well, since they are the
ones that go to zero at the origin. Referring to the solution to Problem 2.29, the wave function is

Dsinlz, l=+2m(E+Vy)/h (0 <z <a),
k=vV-2mE/h (x > a),

and the boundary conditions at z = a yield
—cotz=1+/(20/2)? — 1

with
V2mVy 2m(32h2% /ma?)
Z0 = A a = i a=38
Referring to the figure (Problem 2.29), and noting that (5/2)m = 7.85 < zp < 3w = 9.42, we see that there

a
a 1 .
— — —sinlacoslal ;

_pp [
0 2

(b) Let
I, = / |Y)?dx = |D|2/ sin? lz dz = |D|? [; — sinl:z:coslx}
0 0
—2kx ] |O° —2Kka
e _ |F|2€ .
2K 2K

are ’ three bound states. ‘

n?la

IQ =
si
2K

/ o |2da = |F|2/ 2% 4y — | FJ? [—

But continuity at = a = Fe™"® = Dsinla, so Iy = |D|?
1 in”[ 1
1=1+1,=|D]? 4 sinlacosla+ 22| = —|D? [/ia — Psinlacosla + sin®la
2 2 2K 2K l
But (referring again to Problem 2.29) k/l = — cotla, so
(1+ ka)

Normalizing;:

1
= —|D|? [ka + cotlasinlacosla + sin’ la]
2K

So |D|? = 2k/(1 + ka), and the probability of finding the particle outside the well is
2k sin’la  sin’la

P=1I= = .
14+ ka 2k 14 ka
We can express this in terms of z = la and 2¢: Ka = /23 — 22 (page 80),

2 2
1 z z
= () = P= .
21+ /7 - 2)

<0

1
sin?la = sin® z = 5 =
1+ cot® z

14 (20/2)2 -1
In the present case zp = 8 and z is the third solution

So far, this is correct for any bound state.

to —cotz =
z ="7.9573 and | P = 0.54204.

(8/2)% — 1, which occurs somewhere in the interval 7.85 < z < 8. Mathematica gives
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FinﬂRuut[Cut[z] == N (B/E)"2-1. {=. ?_9}]
Iz = 7.987321

z~2 /(641 + V614 - 2~2])

EE

64 [1++/64-27 ]

X/ =z-»7.9573215233289%964"

0. 542041

Problem 2.41
(a) In the standard notation ¢ = \/mw/hz,a = (mw/7h)'/4,
U(x,0) = A1 = 26)%e /2 = A(1 —4¢ +4¢%)e ¢ /2,

It can be expressed as a linear combination of the first three stationary states (Eq. 2.59 and 2.62, and
Problem 2.10):

2 2 (6% 2
do(z) =ae™S /2 Pi(x) =vV2ale™ 2 a(n) = 7 et 2.
So W(x,0) = cotho + c1901 + cathy = al(co + v2€cr + V2€E%¢o — %02)6_62/2 with (equating like powers)
av2cs = 4A = co = 2v/24/a,
a2, = —4A = = fQﬁA/a,

alco—c2/V2)=A =co=(A)a)+ca/V2=(1+2)A/a =34/a.

Normalizing: 1 = |cg|? + |e1]? + |ca]? = (8 + 8 + 9)(4/a)? = 25(A/a)? = A = a/5.
3 2v2 2v2

== =———, = —-.

5 57 7 5

1 9 3 Tw 73
_ 2 N = - 2 2 (Z == ==
(H) = E len|®(n + 2)hw o <27w> + 5% (2hw> + 9% (2hw) 20 (9 + 24 + 40) 50hw.

(b)

3 —iw 2\/5 —3iw 2\/5 —5iw —iw 3 2\/5 —iw 2\/5 —2iw
U(z,t) 257!)06 i t/2—?¢1€ 3 t/2+?w2e Biwt/2 _ o —iwt/2 l5¢0—5¢16 i t+?w2e 2wt

To change the sign of the middle term we need e=*? = —1 (then e=2*T = 1); evidently wT = =, or
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Problem 2.42

Everything in Section 2.3.2 still applies, except that there is an additional boundary condition: 1(0) = 0. This
eliminates all the even solutions (n =0,2,4,...), leaving only the odd solutions. So

1
E, = (n—&—Q)hw, n=13>5....

Problem 2.43

(a) Normalization is the same as before: A = (27“)1/4.
(b) Equation 2.103 says
1 (2a\"* > o i 1
(k) = N <:) /_Oo eae” il =ik gy [same as before, only k — k — 1] = Wef(kfl)z/%.
\I’( t) _ 1 1 > —(k=0)?/4a i(kz—hk>*t/2m) dk
Tt) = 0= G/t | e e

o124 [(da 4480 )82 = (i 2 )¥]

L —r/a m Qliz+1/2a)? /[4(1 /4aiht/2m)]
7 (2ma)l/4 (£ +idt)

-

A 1 2 40 (i 2 (12
> 67l /4aea(zm+l/2a) /(1+2zaht/m).

1+ 2ihat/m

Il
—
b

2 _ 201, o]ttty e ] .
(c) Let 0 = 2hat/m, as before: |U|° = e . Expand the term in

RV

e o) e (e )

square brackets:

[]

12 I 1 1022 922 2
= oot T TR
a 2a? 2a2 2a?
B A S
T 1462 2a 2a2"

2 a 2 —_2a_(p_ 2 52 2 2 2
2_ 2 [ Y —1P)2a — ez (@=01/20)% 1P/ _ | [2 —2w®(z—01/2a)
| (z,t)] \/;1/1+926 e 1+o e —we ,

where w = y/a/(1 + 62). The result is the same as before, except © — (z — g—é) = (z— 2t), so |¥|* has
the same (flattening Gaussian) shape — only this time the center moves at constant speed v = kil /m.
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(d)

o0
<x>:/ z|U(z,t)[2dz. Let y =2 —60l/2a = x — vt, so x =y + vt.

—00

/ (y + vt)4/ —wefzwzyzdy = ot.
oo ™

(The first integral is trivially zero; the second is 1 by normalization.)

R _d(x)
= ~t:| (p)=m— =[hl]

= 4w
<2>_L_|_ @2 (p?) = 712/ \y*id
T ? m) | YT oo dx? -

1/4 . . 1
v = <2a> P e rsegatioryar i) oo 4Y _ 2ia (i@t 5g) o

° 2 1
(z?) = / (y + vt)Q\/;we_zw v’ dy = — + 0+ (vt)? (the first integral is same as before).

SO

7r V140 " de (1440)
PV [2a(iz +1/20)] dV | 2i%a | —4d®(iz+1/20)°  2a
de? 1+1i0 dr ~ 1+i0 (1+146)2 1+1i0
4a2h% [ 1\> (1+4i0)
2\ __ : v 2
W) = T /,OO (“3+2a> o |
40’ R? o 1—|—10
_ _ v
i) [Py

l
—<y+vt—;) y—
4a’h? { /OO 21012
= ——= 11— [ y|¥[dy -2 (vt— ) y|[*dy
(1+16)° —o0 _

i\ | (1+i6) )
— (vt —— v|2d
<U 2(1) e 2a /, 2 dy

 4a’R? L, il 2+(1+w)
T a2 | 1w? YT % 2

e (0o +050)

ah2 2

= - 9[ (1—i6) + ! (1+i6)+2} :1?22,0[(14#9) (Hf)] =|h*(a+1%),

1 t\?  [hit\? 1 1
=) =@ = g+ () - (B) = = o = 5

m m 2w

+

02 = (p?) — (p)? = h2a + K212 — K212 = K2a, so|o, = hv/a.

(e) o, and o, are same as before, so the uncertainty principle still holds.
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Problem 2.44

Equation 2.22 = ¢ (x) = Asinkz + Bcoskz, 0 < z < a, with k = v2mE/h%.
Even solutions: ¢(x) = ¢(—x) = Asin(—kz) + Bcos(—kz) = —Asinkz + Bceoskz (—a <z <0).

1) continuous at 0 : B = B (no new condition).
¥ discontinuous (Eq. 2.125 with sign of « switched): Ak + Ak = 2;1"2"B = B = %A.
Y —0atx=a: Asin(ka)+ ﬁAcos(ka) =0 = tan(ka) = i

mao mao

Boundary
conditions

2

Y(x)=A <sin kx + s cos kx) (0 <z <a); Y(—z) =1(x).

mao
A 2 370 > ka
tan(ka) -’k
mo
From the graph, the allowed energies are slightly above
nm n?m2h?
ka=— (n=1,3,5,... > ——— (n=1,3,5,...).
a=75 (n=135,...) so ~ 9m(2a)? (n )

These energies are somewhat higher than the corresponding energies for the infinite square well (Eq. 2.27, with
a — 2a). As a — 0, the straight line (—h?k/ma) gets steeper and steeper, and the intersections get closer to
nm/2; the energies then reduce to those of the ordinary infinite well. As o — oo, the straight line approaches
horizontal, and the intersections are at nm (n =1,2,3,...), so E,, — ”2272122 — these are the allowed energies for
the infinite square well of width a. At this point the barrier is impenetrable, and we have two isolated infinite
square wells.

0Odd solutions: ¢¥(x) = —¢(—x) = —Asin(—kz) — Bcos(—kx) = Asin(kz) — Beos(kz) (—a <z <0).

1 continuous at 0: B=—-B = B =0.
Boundary conditions { ¢’ discontinuous: Ak — Ak = 2%2(0) (no new condition).

Y(a) =0= Asin(ka) =0 = ka = &F (n=2,4,6,...).
2, 252
Y(x) = Asin(kz), (—a<z<a); E,= ;;{25)2 (n=2,4,6,...).

These are the ezact (even n) energies (and wave functions) for the infinite square well (of width 2a). The point
is that the odd solutions (even n) are zero at the origin, so they never “feel” the delta function at all.

Problem 2.45

2 d? R d?
Ay = By gy L
2m dx 2m

gpz T V¥ = Eviy . 20, P2
— i

2 32 2 2 = 72m 1/}2 dl‘Q
he d h d
- 1?22 +Vipo = By = —5—th1— 1@2 + Vihi1¢o = Ep1ts
2m dx 2m dx

V2

2
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dy dibo dipo dapy d?py dipy dips d?1hy d?1py d?1hy . .
But — /= = = - = — .S th
{w & ] dr dx + dx? dxr dz & dx? = ¥z dx? & dz? tee THIS 18
d
zero, it follows that ’l/lgﬂ - 1/)1 V2 _ = K (a constant). But ¥ — 0 at co so the constant must be zero. Thus
d d 1 d 1 d
¢2 ¢1 = 1/)1 1/]2 1/1 d1/11 = o 1/J2 o Inty =Iney + constant, or Y1 = (constant)ys. QED
1 ar 2

Problem 2.46
_dy
2m dz?

d? 2mE
= E (where x is measured around the circumference), or qu = —k%), with k = m
x

, SO

(z) = Ae’t® 4 Be~ ik,
But ¢(x + L) = ¢(x), since x + L is the same point as x, so
AeikxeikL + Be—ikxe—ikL — Aeik:c 4 Be—ikx
and this is true for all z. In particular, for z =0 :

(1) Ae*l + Bem**l = A+ B. And for x = ;—k :

Ae'™2eRE o Bemim/207RE — Aeim/2 4 BeT /2 or jAe*F — iBe ™ = iA —iB, so

(2) Aet*t — Bem*l = A — B. Add (1) and (2): 24¢*L = 24,
Either A = 0, or else e’* = 1, in which case kL = 2n7 (n = 0,41,42,...). But if A = 0, then Be=* = B,
leading to the same conclusion. So for every positive n there are two solutions: ¢} (z) = Aet@nmz/L) and

Y (x) = Be~"n7@/L) (n = (0 is ok too, but in that case there is just one solution). Normalizing: fOL |4 |2de =
1 = A= B =1/VL. Any other solution (with the same energy) is a linear combination of these.

1 )
7eiz(2n7ra:/L); E, =

VL

2n2m2h2
mL?

Uy () = (n=0,1,2,3,...).

The theorem fails because here ¥ does not go to zero at oo; x is restricted to a finite range, and we are unable
to determine the constant K (in Problem 2.45).

Problem 2.47

(a) (i) b =0 = ordinary finite square well. Exponential decay outside; sinusoidal inside (cos for 11, sin for
12). No nodes for 11, one node for 5.
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(ii) Ground state is even. Exponential decay outside, sinusoidal inside the wells, hyperbolic cosine in
barrier. First excited state is odd — hyperbolic sine in barrier. No nodes for 1)1, one node for 5.

M (b/2+a) b/2 V\

-(b/2+a) b2 b/2 bl2+a b2 bi2+a

(iii) For b > a, same as (ii), but wave function very small in barrier region. Essentially two isolated finite
square wells; ¢1 and 15 are degenerate (in energy); they are even and odd linear combinations of the

ground states of the two separate wells.

W, W,
A A
_-b/2 b/2 T -(b/2+a) b2
-(b/2+a) ba+a X " -b/2 " bla+a X
(b) From Eq. 2.157 we know that for b = 0 the energies fall slightly below
232
Ei+Vim 0" _h 2p2
' 0 227(22;; * 4% where h = LQ
By +Vy = TICE 2ma
For b > a, the width of each (isolated) well is a, so
n2h?
Ei+VorEy+ Vo~ 5 =nh (again, slightly below this).
2ma
E+V,
A
hi
\E2+VO
E l+V0
44
b
[Within each well diﬁ = f—(VO + E)v, so the more curved the wave function, the higher the energy.]

(c) In the (even) ground state the energy is lowest in configuration (i), with b — 0, so the electron tends to
draw the nuclei | together, | promoting bonding of the atoms. In the (odd) first excited state, by contrast,

the electron drives the nuclei
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Problem 2.48
(a)

dzx av/a

AT 2%3.{1, (0<x<a/2)}:Qﬁ[l_w(x—“)}

-1, (a/2 <z <a)

(b)

22245 -[2CD)

(c)

<H>:—h2(—4\/§>/\11*6( a)dx_m/ﬁh?w(a):z&h?: 6h2_

ma~/a m-a-a | ma?

3/a

Problem 2.49
(a)
2

ov mw\ |a L o ih CN e
i (—%) [2 (—2iwe™ ") + o 2az(—iw)e t} U, so

ih% = {_;mazw%zwt + %ﬁw + maa:wzei“’t} .
ov mw o mw iy
= () (=200 w = —5E 0 —ae ) v

0% mw mw ity O [ mw mw
ez = YT (e )ax—[‘ +(

2 9?v 1 h? 2 . 1
_TW + 577’7,&)2332\1/ = _T |:_W + (%) (33 _ aeloﬁf)2:| U+ fmw2x2\11
m oOx m

h h 2
1 1 2/(.2 —iwt 2 2wt 1 2 2
= §M—§mw (x — 2azxe +a“e )+§mww v

1 ) 1 )
= |:2hw + mawaG—lwt _ mw2a26—21wt:| i

= ih— (comparing second line above). v/

ot
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(b)
|\IJ|2 _ @ef%{(a:QJré(1+ezi“’t)f%f2awe“t)+(m2+§(1+e’2i“’t)+%72awe’“’t)}
\ 7h

_ @67%[2x2+a2+a2 cos(2wt)—4daz cos(wt)] . But (12[]. + cos(?wt)] _ 2@2 C082 wt, S0

Th
_ mw e~ me [1272aaz cos(wt)+a? cos? (wt)] _ mw e~ me (x—acos wt)?
Th Th

The wave packet is a Gaussian of fixed shape, whose center oscillates back and forth sinusoidally, with
amplitude a and angular frequency w.

(c) Note that this wave function is correctly normalized (compare Eq. 2.59). Let y = x — acoswt :

(x) :/x|‘l’|2das:/(y+acoswt)\\ll|2dy:0+acoswt/|\lf|2dy=

= m e = Cmawsinat] T = —mawtcosat. V= gmta? = G = ma?
(p) =m pral —maw sin wt. g maw coswt. V= gMwa” = — - = mwa.
d d
<_cTV> = —mw?(z) = —mw?acoswt = %, so Ehrenfest’s theorem is satisfied.
x
Problem 2.50
(a)
87\11_ _@g| _ t‘—'M - Q| - t|— —v, ifx—vt>0
ot — | mzat” T et T T (e, dta—vt<0f”

We can write this in terms of the #-function (Eq. 2.143):

1, ifz>0 0 B
20(2)—1—{_1’ ifz<0}’ SO a|x—vt|——v[20(x—vt)—l].

2% _ {im‘“’ 20(z — vt) — 1] + E + ;mqﬂ} LI

ot h
v _ _@£| _ t|+im” U
ar | m oz TR
(,%h;—vt\ ={Lifz>vt; —1,if z < vt} = 20(x — vt) — 1.
mao 1mu
v _

. 2
mao mu 2ma | O
g {‘m[%(““’f) -1+ h} VT {ax“)(“’“”)} v
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But (from Problem 2.24(b)) Z0(z — vt) = §(z — vt), so

K2 02w
K2 mao imv) 2
h% [ m2a? 5 m2v? .MU Mo
1
ma? 1 5 .MU L Ov
{— 572 +§mv +i - [20(:1:—vt)—1]}\11—zhat (compare [%]). v

(b)

|W|? = m—ge%mo‘ly‘/ﬁ (y =z —ot).

o) 2 hQ
Check normalization: 2%/0 e_QmD‘y/h2dy = ;72& o = 1. v

e ov
(H) = / U*HUdx. But HU = iha, which we calculated above [¥].

—0o0

2

) 1 1
= / {zmhav 20(y) — 1]+ E+ 2mv2} |U2dy = | E + —mv?.

(Note that [20(y) — 1] is an odd function of y.) Interpretation: The wave packet is dragged along (at speed

v) with the delta-function. The total energy is the energy it would have in a stationary delta-function

(E), plus kinetic energy due to the motion (3muv?).

Problem 2.51
V(x)

(a) T

><\L

2
(b) % = —Aasech(az) tanh(az); dd;/;o = —Aa® [ sech(ax) tanh®(az) + sech(ax) sech2(ax)} .
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h2 deO h2a2

Hay = o de? sechz(ax)z/)o
52 2,2
= %Acﬂ [— sech(ax) tanh?(azx) + sechs(ax)] - Asech®(ax)
= [— sech(ax) tanh® (ax) + sech’ (ax) — 2sech’ (ax)]
h%a?
=5 Asech(ax) [tanhz(ax) + sechQ(ax)] .
inh? 0 1 sinh” 0 + 1
But (tanh? 6 + sech? ) = s + = =1, so
( ) cosh?6#  cosh® cosh? 0
h2 2 h2 2
— % . QED Evidently |E = — 2%
2m 2m
e 1 > 2
1= \A|2/ sech?(az)dz = |A|*> = tanh(azx) =Z|JAP=|A= %.
oo a @
AP(X)
X
(c)
d A ,
% = [(ik — atanh az)ik — a® sech® ax] e’
x ik+a
d*epy Ao : 2 2 2, 2 3 2 ik
2 b {ik [(ik — atanh az)ik — a® sech® ax| — a*ik sech® ax + 2a” sech” ax tanh ax } €.
x ik+a
h% d*iy, A —h%ik 9 h%a?
e —_ _ o h 2 h2 . h2
5 da2 + Vi Fta { o [ k* —iak tanh ax — a” sec aa:] + ik sech” ax
H2a3 22

sech? az tanh ax —

a .
sech? az(ik — atanh ax)} ethe

Aetkr B2 3 5 . 9 9 .9 2
= Tt aom (zk — ak® tanh ax + 1a“k sech” ax + ia“k sech” ax
) a 2m

—2a? sech? ax tanh ax — 2ia®k sech? ax + 24 sech? ax tanh ax)

Aetkr K2 ) h2k2
htaom k*(ik — atanh ax)

5 Y = By, QED
m

which represents a transmitted wave.

T A
As x — +o00, tanhaz — +1, so d)k(x)ﬂA(Z, a) etk
ik+a

2_ —ik —a ik —a _
T\ —ik+a) \ik+a) =

ik —a

R=0. T =
ik+a
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Problem 2.52

(a) (1) From Eq. 2.133: '+ G = A+ B.
(2) From Eq. 2.135: F — G = (1+ 2i8)A — (1 — 2i3) B, where 8 = ma/h?k.

Subtract: 2G = -2iA+2(1 —if)B = B =

1 jw (iBA 4+ G). Multiply (1) by (1 — 2i83) and add:

. _ 1 , 1 (i3 1

(b) For an even potential, V(—z) = V(x), scattering from the right is the same as scattering from the left, with
r— -1, A—>G, B~ F (See Fig. 2.22): F=511G+ S12A, B= 551G+ S23A. So 511 = Sa3, S21 = Sio.
(Note that the delta-well S matrix in (a) has this property.) In the case of the finite square well, Eqs. 2.167
and 2.168 give

e—2ika i(l227s-]l€2) sin 2lq e—2ika
521 = k212 ) Sl = k2102 . So
cos 2la — il 221 ) sin 2la cos 2la — il Q;gl ) gin 2la
5 _ g~ 2ika i(lz_klf) sin 2la 1
— 2 2 .
cos2la — z% sin 2la 1 z% sin 2la
Problem 2.53
(a)
1 S11 1
B=51A+5:G=G= 7(3 — SllA) = Mo1 A+ MoxB = My = ———, Moy = —.
512 512 512
S. 511529 — 5125 S.
F = 551A4 855G = 531 A+ ﬂ(B - S1A) = —( 11722 12 21)A + 2223 — My A+ My,B.
512 512 512
det S S9o 1 —det(S) S9o
=>M1=—+—, Mio=—-—"". (M= — .| C ly:
11 St 12 51 St ( —Si 1 onversely
G = My A+ M- B:>B—L(G My A) = S11A+ 812G = S11 = %'5 —L
= Moy 22 = oy 214) = O11 12 1 = My 12 = Moy
M My Moy — My M- M
F=M3A+M3B =M A+ FH(G—M21A) = (M 22M 12 2l)A—i— M12G = So1 A+ S90G.
22 22 22
det M M12 1 —M21 1
2 M22 2 MQQ M22 <d€t<M) M12

[It happens that the time-reversal invariance of the Schrédinger equation, plus conservation of probability,
requires May = My, May = My, and det(M) = 1, but I won’t use this here. See Merzbacher’s Quantum
Mechanics. Similarly, for even potentials S11 = Sa2, S12 = S21 (Problem 2.52).]

2 2 2

My
Moo

Mo
Myo

1
| Maa|?

det(M)

R =|Sul* = U
22

T, = |Sn|* = R, = |Sy|* = AT =|S12* =




54 CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION

(b)
A C F
—> —> —>
B D G
M, M, X
F c C A F A A .
<G) = M2 <D) y <D) = M1 <B> , SO <G> = M2M1 (B> =M <B> s with M = MQMl. QED
(c)
[ Ae™™® + Be~*® (2 < a)
¢(1‘) - {Feikm _|_G€—ik:c (33 > Cl) .
Continuity of 1 : Aetke 4 Bemika = Fetke L Qe—ika
Discontinuity of ¢/ : ik (Fe'*® — Ge="®) — ik (Ae'*® — Be~h) = —2May)(q) = — 212 (Ae’h® 4 Be~iha)
(1) Fe?ke + G = Ae¥ka 4 B.
(2) Fe?*e — G = Ae*ke — B + z% (Aezik“ + B) )
Add (1) and (2):
. ) 2mao . mao mao ;
2ika 2ika . 2ika . . —2ika
2P = 2462 i (Ac¥he 4 B) = F = (14 in ) A+ imsre "B = Miy A+ My, B.
So M1 = (1+i8); Mz = ife™*; 5= 1.
Subtract (2) from (1):
2G = 2B — 2ife**A — 2iB = G = (1 — iB)B — i3e*** A = My A + M,y B.
_ 4 2ika, PR [ (1 41iB) iBe 2k
So Mgl = Zﬂe 3 M22 = (1 'Lﬂ) M = <—iﬂ62ika (1 _ 7/6) .
(d)

[ (1+iB) ipe~2ika\ o . a [ (L4iB)  iBe¥ka
Mg = (zﬂe%k“ (1-ig) )’ to get My, just switch the sign of a: My = —ife~2ika (1—ig)) "

M= MoM: — [1+2i8 + B2(e~*ka —1)] 2iB[cos 2ka — Bsin 2ka]
2 T —2i8[cos 2ka — fBsin 2ka) [1 — 2iB + B2 (et —1)]
1
Tl =T =
: | Moo |?

T =[1+2i+ B2 (e 1 e — D)[1 — 2i3 + B%(et** — 1))
=1-2i3+ B2 — 32 1 2i 4 46% + 2i3etFe — 233 4 e 4ika
— 3% —2ifBetika L 9;33 4 54(1 _ e~dika _ gdika | 1)
— 14282+ 52(6—4%(1 + e4ika) _ 2i53(6—4ika _ e4ika) 124t - 54(6—4ika + e4ika)
=14 282 + 262 cos 4ka + 2i532i sin 4ka + 23* — 24* cos 4ka
=1+ 28%*(1 + cos4ka) — 433 sindka + 26*(1 — cos 4ka)
=1+ 432 cos® 2ka — 83> sin 2ka cos 2ka — 45 sin? 2ka
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1
T =
1+ 452%(cos 2ka — Bsin 2ka)?

Problem 2.54

T’ll just show the first two graphs, and the last two. Evidently K lies between 0.9999 and 1.0001

Plot[Evaluate[u[x] /.

H‘])Snl?e[{u' "[x]-{x*2 - 0.9)yxu[x] -0, u[0] =1

u' [0] =: 0}, uf[z]. {z. 107 10},
HaxSteps -> 10000]]. {x. 0. 10},
PlotRange -3 {-10, 10}];
10
7.5
=1
2.5

-2.5

=7.5

-10

Plnt[Evﬁlu&te[u[x] 7.

HDSulve[{u' "[x]-¢{x"2 - 1. 1)»u[x] --0. u[0] --1

u'[0] = 0}. ulz]. {z. 10%, 10},
HaxSteps -3 1l]l]l]l]]], {x. 0, 10},
PlotRange -> {-10. 10}]:
10
7.9
3
2.5

-2.5
-3
=7.5

-10

Plnt[Evaluate[u[x] 7.
H'I)Sulve[{u' "[x]-{x"2 - 0.9999)%u[x] -0, u[0] =-1.,
u'[0] == 0}. u[x]. {x. 107%, 10}. HaxSteps -> 10000]].
{x., 4. 5.5}, PlotRange -> {-1. 10}];

in

4.2 4.4 4.6 4.8 5 5.2 5.4

Plnt[Evaluate[u[x] 7.
H'I)Sulve[{u' "[x]-{x"2 - 1.0001)%u[x] -0, u[0] =-1.,
u'[0] == 0}. u[x]. {x. 107%, 10}. HaxSteps -> 10000]].
{x. 4. 5.5}, PlotRange -» {-10, 1}];

Problem 2.55

The correct values (in Eq. 2.72) are K = 2n + 1 (corresponding to E, = (n + 3)hw). T'll start by “guessing”
2.9, 4.9, and 6.9, and tweaking the number until I've got 5 reliable significant digits. The results (see below)
are ’ 3.0000, 5.0000, 7.0000. ‘ (The actual energies are these numbers multiplied by %hw)
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Plot[Evaluate[u[x] IR |P10t[Evaluate[u[x] £
H'I)Solve[{u' "[z]-(x"~2 - 2.9)%u[x] -- 0, u[0] == 0, H‘DSolve[{u' "[x]-{x*2 - 3. 00001} *u[x] -- 0,
u'[0] =1}, ufz]. {x. 107%, 10}. uf0] == 0. u'[0]:=1}, ufx]. {r. 10%, 10}.
HaxS5teps —> 10000]], {x. 0, 5}, HaxSteps -> 1l]l]l]l]]], {x. 0, 5.5},
PlotRange -> {-1. 5}]: PlotRange -> {-.5. . 7}]:
5
0.6
4
0.4
3
0.z
2
q 1 2 3 4 5
-0.2
1 2 3 4 5 i
-1
Plot[Evaluate[ulx] /. Plot[Evaluate[u[x] /.
lﬂ)Solve[{u' "[x]-{x"2 - 2.99999) »u[x] -- 0. H‘DSolve[{u' "[x]-{x~2 - 4. 9)y«u[x] -0, uf[0] -=1.
u[0] == 0, u'[0]=-1}. ulz]. {x. 10* 10]. u' [0] =- 0}, u[zl. {x. 10°, 10},
HaxSteps -3 1l]l]l]l]]], {x. D. 5 B}, HaxSteps -» 1l]l]l]l]]], {x. 0, 4},
PlotRange -> {-.1. .7}]; PlotRange -> {-1.56. 1_2}];
1
0.6
0.5 0.5
0.4
0.3 1 z 3 4
0.2 -0.5
0.1
-1
1 z 3 4 5
-0.1 -1.3
Plot[Evaluate[u[z] /. Plot[Evaluate[u[z] /.
]l'DSolve[{u' '[x]-({x~2 - 4.99999)+u[x] =- 0, lﬂ)Solve[{u' "[x]-{x"2 - 6.9)+u[x] --0, uf0] --0,
u[0] =1, u’'[0] = 0}. ufxz]. {z. 10° 10}. w'[0] =1}, ulz]. {z. 107, 10}.
HaxSteps -> 10000]], {x. D, 6}. HaxS5teps -» 10000]], {x. O, 4.5},
PlotRange -> {-1.5. 1.2}]: PlotRange -> {-1. .5}]:
1 0.4
0.2
0.5
1 2 2 4
1 2 4 B 3 0.4
0.5 -0.4
-0.6
-1
-0.8
-1.5 -1
plot[Evaluate[u[x] ;. Plot[r.valuate[u[x] 7.
]l'DSolve[{u' "[x]-{x~2 - 5_00001)«nu[x] -- 0, HDSolve[{u' "[x]-{x"2 - 6.99999) wu[x] -- 0.
u[0] ==1, u'[0] == 0}, u[x]. {x. 107%, 10}, uf[0] == 0, u'[0] =1}, ufx]. {x. 10, 10}.
HaxSteps -> 10000]], {x. D, 6}. HaxSteps -» 10000]]. {x. 0. 6.5},
PlotRange -> {-1.5. 1.2}]: PlotRange -> {-1. .5}]:
1 0.4
0.2
0.5
1 B 3 4 5
1 2 4 S 3 0.4
0.5 -0.4
-0.6
-1
-0.8
-1.5 -1
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Plot[Evaluatefu[x] /.

H‘DSulve[{u' "[x]-{x~2 - 7.00001)«xu[x] == 0.
uf[0] =-0, u"[0] ==1}, u[x]. {x, 10%, 10},

HaxSteps -»> 10000]]. {x. 0. 6.5},

PlotRange -»> {-1. .5}]:

Problem 2.56

The Schrédinger equation says —%W’ = E1, or, with the correct energies (Eq. 2.27) and a = 1, 9" + (nm)%) =
0. Tl start with a “guess” using 9 in place of 72 (that is, I'll use 9 for the ground state, 36 for the first excited
state, 81 for the next, and finally 144). Then I'll tweak the parameter until the graph crosses the axis right

at @ = 1. The results (see below) are, to five significant digits: | 9.8696, 39.478, 83.826, 157.91.| (The actual

energies are these numbers multiplied by h?/2ma?.)

Plot [Evaluate [u[x] i

ll])Sulve[{u' "[x] + {9}y *u[x] --0. u[0] -0, u'[0] ==1}.

uf[z]. {z. 10, 1.5]}. HazSteps -»> 10000]].

{x. 0, 1.2}, PlotRange -> {-.5. .5}]:

Plot[Evaluate[u[x] /.
H])Snlve[{u' "[x] + (9.86959) «xufx] --
w'[0]--1}. ulxl. {z. 10®, 1.005}.
HaxSteps -> 10000]]. {x. 0.99999, 1.00001},
PlotRange -> {-.00001. .00001}]:

. uf0] ==D0.

0. o000

Sxin~®

0.9333%  0.939335 1. 00001 1.00001

-5u10~"

=0.0ooot

Plot[Evaluate[u[x] /.

H'I)Solve[{u' "[x] + {36} *»u[x] --0, u[0] --0, u'[0] =-1},

u[z]. {z. 10%, 1.5}, HaxSteps -> 10000]].
fx. 0. 1.2}. PlotRange -> {-.5. .5}]:

0.4

0.2

-0.2

-0.4

Plut[Evaluate[u[x] /.
H‘DSOlve[{u' "[x] + {39.47803) xu[x] -- 0. u[0] ==0.
u'[0] =-1}. ufx]. {z. 10° 1. 005},
HaxS5teps -» 10000]], {x, 0.99999,_ 1_ 00001},
PlotRange -> {-. 00001, .00001}]:

0.oo0001

Sx107°

0.93999  0,992935 1.00001 1.o00001

—5:d 0"

—0.00001
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Plot[Evaluate[u[x] /.
H'I)Sulve[{u' "[x] + {81) #»u[x] == 0, u[0] ==0, u"[0] == 1}.
ufx]. {z. 108, 1.5}. HaxSteps -> 10000]].
{x. 0. 1.2} PlotRange ->{-.15. _15}]:

-0.03

Plot[Evaluate[u[x] £
H'I)Solve[{u' "[x] + {88.82630) »u[x] -- 0, u[0] == 0O,
u'[0] =- 1}, ufx]. {z. 10°. 1_o005}.
HaxSteps -> 10000]]. {x. 0.99999, 1.00001},
PlotRange -> {- 00001, .00001}]:

0. ooool

510"

0.99939  0.999335 1.00001 1.00001

-5x1p~8

—0.oogot

Plot[Evaluate[u[x] /.

H'DSolYe[{u' '[x] + {144) *u[x] == 0, u[0] =0, u'[0] ==1},
ufz]. {x. 10% 1.5}. HaxSteps -> 10000]].
{x. 0. 1.2}. PlotRange -> {-.1. .1}]:

0.05/\

0.z 0.4 0.g ol 1 1.2
-0.05

Plot[Evaluate[u[x] /-

\V

H])Solve[{u' "[x] + {157.9129) xu[x] == 0, u[0] =0,
u'[0] -1}, u[x]. {x. 107", 1.005}.
HaxS5teps -» 10000]], {x. 0.99999, 1. 00001},
PlotRange -> {-. 00001, . l]l]l]l]i}];

0.oo001

S5x107"

0.93999  0.999995

—Sxt0®

—0. 00001

1.00001 1. 00001



